QuAd: Design and Analysis of Quality -Area Optimal Low -
Latency Approximate Adders

Muhammad Abdullah Han¥2 Rehan Hafiz Osman Hasah MuhammadShafiqué
Wienna University of Technology, Austria
Anformation Technology University, Lahore, Pakistan
SNational University of Sciences and Technology, Islamabad, Pakistan
{abdullah.hanif,rehan.hafiz}@itu.edu.p®sman.hasan@seecs.edu.plyhammad.shafique@tuwien.ac.at

ABSTRACT

Approximate circuits exploit error resilience property of
applications to tradeoff computation quality (accuracy) for

gaining advantage in terms of performance, power, and/or area.

While stateof-the-art low-latency approximate adders provide
an accuracyarealatency configurable design space, the selection
of a particular configuration from the design space is still
manually done. In this paper, we analytically analyze different
structural propeties of lowlatency approximate adders to
formulate a new adder model, Qualigrea optimal LowLatency
approximate Adder (QuAd)lt provides an increased design
space as compared to staiéthe-art, providing design points
that require less logic areaifehe same accuracy, as compared to
stateof-the-art approximate adders. Furthermore, based upon
our mathematical analysis, we show that, provided a latency
constraint, an adder configuration with the highest quality and
lowest area requirement can effoeisly be selected from the
whole design space of QuAd adder model, without requiring any
optimization strategy or numerical simulatiour experimental
results validate the developed model and also the quaiga
optimality of our optimal QuAd adder cdiguration. For
functional verification and prototyping, we have used a Xilinx
Virtex-6 FPGARTL/behavioral models and MATLAB equivalent
scripts, of our proposed adder model arede open sourceo
facilitate further research and development.

1 INTRODUCTION AND RELATED WORK

Approximate Computing is an evolving computing paradigm
that relies on tradingoff the computational quality (accuracy) to
provide new opportunities for improving the area, power, and

performance efficiency of systems. Recent, investigations by

Intel [1], IBM[2], Microsoft[3][4], and other research groups]
have shown that there indeed exists a number of compute
intensive applications that can tolerate approximation errors
while still producing outputs that are useful and of acceptable
quality for the enduser$12]. Particularly, applications such as
image/videovision processing, machine/dedearning, big data

analytics, recognition, web searches and signal processing, are

either inherently prone to nise or are resilient to error because
of the perceptual limitations of the endsers and hence are
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natural candidates for approximate computing.

Adders are one of the fundamental arithmetic units and have
gained significant attention from the approximateomputing
community [6]-[11][16]. Carry computation typically forms the
critical path for an Nbit two-operand adder. Most stataf-the-
art low-latency approximate adders (such as, A@A[7], ETA
ETA-Il, ETAIIM [9], GDA[8], ESA[16], andGeAr[10]) rely on
the observation that in most cases the longest carry propagation
chain is less than the complete lengtK)(of the adder. Thus, the
approximate designs reduce this critical path by employing
multiple smaller disjoint or overlappind-bit sub-adders (with
L<N). Thereby achieves reduced latency at the cost of increased
area (in case of overlapping sw@ders).Each sukadder is
composed ofwo types of bits, the Resultant bitR pits) which
producessum bits that contribug¢ to the final summatiorand
Prediction bits P bits) that utilizedP previous bits forpredicting
carry for R bits. Only for te first subadder, all thebits are
considered aR bits since carryin is generally known ACA-I [6]
employed the use of multiple overlapping fixéeingth sub
adders withR=1 ETAII [9] made use of the carry generated by
the carry prediction unit of one previous stddder for
predicting the carryin of current subadder, thusR=P ETAIIM
[9] allowed the concatenation of carry prediction logic of any,
but not the least significant subdder, to increase the accuracy.
In ACA-II [7], the length ofR for each sukadder was set to half
of subadder length,L. GDA [8] provided a configurable
approximate adder that used multiple naverlapping sub
adders of lengtiRand used multiplexers for carry selection from
either the previous suadder or from the carnin prediction
block. Thus, for any suladder the number of predictiomits
were a multiple ofR GeAr[10] provided a unified design space
by providing a configurable approximate adder along with its
associated errorppbability model. GeAr adder model allows any
combination forR and P, provided the length of suladder(L =
R+P)is uniform throughout the addeand thereby covers many
low-latency adders like ESpL6], ACA6][7], etc Furthermore,
all subadders must have the same value fBrand P. The
aforementioned condition limits the number of possible
configurations that can be realized using the GeAr adder.

Limitations of State -of-the-Art: It is noteworthy that in all
of these approximate adderheir design imposes some specific
restriction on the length of sufadders, the number of sum bits
that each sukadder produces, and/or the number of carry
prediction bits it utilizes for the gegration of the sum bitsDue
to these restrictions, the design space of such -latency
approximate adders overlooks several configurations, which may
require lower logic area for the same accuracy, i.e., the real
Pareteoptimal points in the design space

Motivational Analysis: Consider an example where we
would like to develop an -®it approximate adder and the
maximum allowed latency is equivalent to that of it Ripple
Carry Adder (RCA) based swtiider.Fig. 1presents tle values of
the Accuracyper-Area (denoted as Accuracy/Area) metric, for
the complete design space, plotted against Accuracy, assuming



linear dependency of logic area on the satidders length. Here,
accuracy is computed asNormalized Error Distance (NED
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Figure 1. Design Space of an 8bit approximate adder using
sub-adders of length less than or equal to 7 -bits

Fig. 1provides the configurations supported by the statk
the-art adders (represented big ) including GeAr, ETA and
GDA. Fig. lalso provides adder configurations (represented by
(X Yhat are still not supported by any of these prior adder
configurations. This include combinations, such as-sdllers of
varying sizes and/or other arbitrary combinations &t and P bits
for each sukadder. It can also be observed that these missing
design configurations may provide design points that require
less logic area while providing similar accuracy level as that of
stateof-the-art.

Required: Thus, an adder model is required that is able to

provide an enhanced design space, which includes the adder

configuration with the optimal Accuracyper-Area value for a
particular latency constraint. Furthermore, the extended design
spacerequires a technique to select an optimal configuration,
which meets the latency requirement, provides maximum
accuracy and still requires the least logic area.

Novel Contributions in a Nutshell: In this paper, we
present QuAd: A Quality-Area optimal LowlLatency
Approximate Adder model and its corresponding mathematical
analysis that:

1. Allows using subadder units of varying lengths with
arbitrary combinations of resultant and prediction bits. The
extended design space not only includes all of the available
low-latency adders but it further provides new Pareto
optimal design points.

2. Provides an analytic solution to find a qualigrea optimal
approximate adder configuratiowhile assuming inputs to
be independent and uniformly distributedjiven a usey
desgner-provided latency constraint

QUAD: A QUALITY -AREA OPTIMAL LOW -
LATENCY APPROXIMATE ADDER MODEL

For our QUAd model, each staalder can have any number of
Prediction () and ResultantY) bits, regardless of the number of
0 and 'Y bits in other subadders. An( bit QuAd adder
comprising Qsub-adders is, therefore, defined using a resultant
vector, 'Y 'Y RY B RY and a prediction vectod,

O MR where,Y and0 | "® ph;hofB RQ represent the
number of resultant and prediction bits in th® subadder,
respectively. The resultant bits from each safider constitute
the U bit output of the adder, henodg¢ B Y. Thus, the
generic QuAd representation,
066 CRYMAY hOM MM  completely specifies any
possible adder configuration.Fig. 2 shows a generic
representation of arb -bit QuUAd adder and a constituentt sub-
adder unit.The first sub-adder does not require angredidion
bits, i.ed T

Unlike earlier adder model&y can take any value between 1
to® B "Y). While 0 can theoretically take any value

between 0 toB 'Y, we propose to restrichb such thatd

Y 0 e., the number of prediction bits i@ sub-adder
should be less than the length & p subadder. While this
may appear to be a restriction om we show that the
corresponding configurations with 'Y 0 or 0

Y 0  require more area than the case whén 'Y

0  while providing equalllower accuracy measure. Below, we
compare the Probability Mass Function (PMF) of approximation
error for these three possibilities in order to identify such sub
optimal configurations.
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Figure 2. A generic N-bit QUAd adder. Each it QuAd sub-
adder sums two Li-bit numbers, where the first P bits of
both the operands are used to predict carry-in for
computing the sum of R significant bits.

1. | |k 4 : Fig. 3@ provides a configuration in
whichd 'Y 0 and also provides its error PMRhe
error PMFis defined asd 0 O 'Q where'Q is the
error magnitude that can have any value between 0 (no
error) to ¢ . For this configuration, the only possible error
magnitude isq ¢ . This is because the error occurs
only when 'Y 0 least significantbits generate a carry
and 0 or O bits propagate it. Due to their overlapping
structure, for0 to be in propagte mode,0 must be in
propagate mode and hence the effective error magnitude for
both the cases is .

2. <} : For each configuration having)

0 Y (for any'Q® clof8 RQ, there exists an alternate
configuration in which ‘Qand “Q p subadders can be
replaced by a single swidder having resultant and
prediction bits equal toY Y and 0 , respectively.
The resultant configuration provides equal accuracy while
utilizing lesser areaFig. 3b) provides such an alternative
configuration for that ofFig. 3a). Despite using lesser total
bits for prediction, and hence requiring lesser logic area, the
associated is identical.

3. k> 4. :Fig. 3(c)illustrates an instance where the
propagation bits of the’Q subadder are extended even
beyond the length ofQ p subadder. In this particular

case; another error term ﬂwith a magnitude of
L ¢ $is introduced inb due to the case when
first 0 'Y 0 Dbits of0 are in generate mode while

the rest of its bits are in propagate mode.

The loss in accuracy experienced in the configuration-aj.
3(c) as comparedvith that of Fig. 3(a), is due to the lower
number of bits being used for the prediction of cadiry for Y
bits. Therefore, B B
a. the configurations with 0 ] 'Y  provide better

accuracy as compared to similar configurations wilh >
] 'Y ;and



b. the configurations withd < 0 'Y  provide better
accuracy as compared to similar configurations with =
'Y , while requiring lesser logic area.

In summary , the configurations, with

0 'Y  for any'® c¢fof8 RQ can be eliminated based

n the fact that there is an alternative configuration (with
Y O ), which generates better/equivale results while
utilizing lesser amount of resources. We eventually propose that
in QuAd,0 'Y 0

V)
2.1 Quality -Area Optimal QuAd adder
configuration

Provided a latency constraint in terms of maximum allowed
subadder length) , we define,0 6 6 '© D , i.e., anN-
bit Quality-Area Optimal adder configuration that provides the
highest accuracy while requiring least logic area, from among

(o]

-
V]
(o]

the complete QuAd design space. We use two metrics, i.e., Mean

Square Error (MSE) and Me&rror Distance (MED), to measure

U 1réfers to the configuration bf Fig. 4 for ease of reference.
The error probability associated with this configuration can be
defined as the probability with which’Y 0 least significant
bits generates a carry and rest of the bits corresponding) to
bits propagats it. Assuming, inputs with uniform distributio,
the probability can mathematically be given as:

00 "Rni zB Pz N
Here, Qi 0& pQd p and "Ai 0 @
POw mMéiw mOw p defines the probability of

carry generation and carry propagation respectivéty and
are the'Q bits of operand#\ and B respectively). The magnitle
of error in the representatie configuration of Fig. 4(a) is
equivalent to the magnitude of carrgut from the first subadder

the accuracy. The reasons of selecting these metrics are: (a) MSE

is a standard quality metric for many multimedia applications
[14] and is inversely proportional to Peak sigraknoise ratio
(PSNR), which is another watly used quality metric; and (b)
MED is considered as an effective measure for computing the
accuracy of a multbit approximate adder [13].
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Figure 3. Architectural design of the three possible types
of configurations along with their respective error PMFs.

In the following, we present two key properties and their
proofs, which will facilitate ourd 6 6 ‘@ R adder design. It
is noteworthy tha these properties are also valid for staié
the-art low-latency approximate adders since our Quadesign
space includes all of their configurations.

Property-I: For the most significant subdder, the
configurations with the least number o bits ard maximum
possible sutadder length, provides lower values for MSE and
MED.

Fig. 4a) shows arlN-bit low-latency approximate adder built
using two subadders. The associated MED and MSE are given
by:

0a 00 z0
0 00 20
Here, 0 'O is the probability of error while ‘O
WO®O QWO®O6 sis the error magnitude. Subscript
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Figure 4. Structural comparison of two alternate QuAd
configurations

(b) Configuration II:
QUuAd 56 hOr8 }

Now, if we amend the configuratioof Fig.4(a) by decreasing
the P bits of most significant sfadder by 1, while keeping its
width fixed, we get the configuration oQuAd vl h o } Fig.
4(b). The decreased numbermbits results in an increase in the
probability of error while reducing the magnitude of the error by
the same ratio for uniformly distributed inputs. ThHe 'O and'O
for this 2nd configuration (in terms of the variables ofist
configuration) are given by:

"Ri 2B QiR
0 «

Similarly, the MED and MSE for this new configuration is
given by:

0 '@

00

¢ z'Ri B " QizY

z

00 ¢ z"ni 2B R R

z

Assuming a uniform input distributionMED: is equivalent to
MED since¢z” i p. However, the MSE of the altered
configuration is half of 0 "©. Similarly, If we keep on
decreasing theP bits of the most significant adder, we keep on
getting a configuration with lower MSE and same MED.
Furthermore, lower prediction bits means lower overlap and
hence lower area requirement as evidéram Fig.4. Also, using
the aforementioned equations, it can be concluded that the
configurations having larger most significant stazlders show
lower MSE and MED value$hus, a QuAd configuration witlx P
= 0 and k=Lmax, shall prowie the lowest MSE and MED with least
area requirement.

Property-1l: MSE and MED are irrespective
configurationof remaining(N-0 ) least significant bits.

to the



The previous property dictated thatin case of an
approximate adder composed of tveob-addersminimum MSE
and MEDis achieved wkn anon-overlappingLmaxbit sub-adder
is usedat most significant locationi.e. R=Lmax and P=0, while
using an accuratesub-adder at the least significant location
Using the configurations ofFig. 5 we show tha the
decomposition ofthe least significantsub-adder into further
non-overlapping sub-adders has no effect on the overall MSE
and MED of the approximate adder.

The F[E], E, MED and MSE for Configuration Big.5(a), are
given as:

00 B  ""Qiz" Qi
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(a) Configuration IlI:

QUAd RfR, h0i
Figure 5. Structural comparison of two alternate QuAd
configurations

(b) Configuration IV:
QUAd Ry [R; R, 1 00D

Fig.5(b) provides a case where the least significant sduer
of Configuration 3 is sulglivided into two sib-adders, s1 and s2,
with lengths equal to'Y and Y bits, respectively. The
probability with which these sukadders induceerror in the
output can be given by:

B "Qiz” i
B "Qiz”qi

Ca C2

Note that,0 and0 is equal to the probability of careput
of s1 and s2, respectivel@ince, there are multiple suddders,

there are multiple possible error magnitude values. The

probability of these error magnitudes is providedTable 1
Table 1: Probability of error P[E]4

Magnitude of Error Probability
G 0 0 20
9 0 0 20

< g 0 20

The MED can be expresseasing these probabilities as
follows

0 0 0

Yeroo b @)

We multiply the first term in the above equation by z

" 1 .This does not violate the equati@inceg z” N i
is equivalent to 1 for uniform distribution a5 ni ™. So,
0@ 0 z¢ z’ni z¢ 0 zg
0 ¢ z 0 z" i 0

which is equivalent to theMED;z, sinceY 'Y 'Y and,
VR I

"ni zB "Qiz"ni B TQizT i

B "fQiz"ni B TTQizT N

Bl 2 | »z > 3)

Similarly, the MSE oFig.5(b) can be defined utilizingable1
as:

0" 0 0 z0 z¢ 0 0 z0 z
S 0 20 z¢ ¢ (4)

By expanding ¢ C

00 0 z¢ 0 z¢ 0 20
Z . gzq *g¢

Taking 0 z” Qi z¢ common from the last
two terms we get:
00 0 z¢ 0 z" /i z¢ z

z

z z

As for the uniform input distribution” 1 i
aforementioned equatn can be simplified to:

z¢ p, the

He hee 44 a2 44
N z "’v (5)

Now, for uniform distribution,d can be expanded as:

e Bl z] rezmr — — — E —
(6)

Substitutingd  from (6)in the last termsof (5), we get:

Hr e 44 hezmd 2 44
— = - - E 5 ™
Noting that, — ¢z—p — — E —— P,

and further simplifying (7), we get:

e 44 2 b2z ®)

Substituting the 2d term in (8) using (3), and noting that
Y Y Y ,we prove that8) is equivalent to(1), therefore,
the configurations ofFig.5(a) andFig. 5(b) have equal MSE and
MED measures.

Summarizing, from property |, we know that, in order to
get minimum MED and MSE while utilizing minimum area we
can divide an adder into two neoverlapping sukadders, i.e.,
the most significant sutadder and least significant stddder,
where the length of the mossignificant subadder should be
equal tod . With the help of propertyll, we can further sub
divide the least significant subdder into multiple sukadders of
length less than or equal to without affecting the overall
MED, MSE and area We further propose to use such a
configuration that provides the least value fonaximum error
magnituded ¢ . For the case of configurations with disjoint
non-overlapping subadders, the maximum error occurs when
carry is generated from all thék-1) least significant suladders
and is given by:

b B o B Y



0 Gw is minimum when there are fewest possible sadiders
of maximum length, placed at most significant locations, since,

B o B Y B «o B 0 (9)

Therefore, we define our latenegonstrained, qualityarea
optimal adderp 6 0 ‘® h) as:

0606 ®M 066 QPO W & hrBm
Fig. 6 illustrates thed 6 6 ‘M configuration for
various values oN andLmax. As suggested by our mathematical
analysis and later confirmed by our experimental
results,0 6 6 '® M always provides a configuration with

minimum MSE, MED and ¢ from among tle completeQuAd
design space.
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3 RESULTSAND DISCUSSION

Fig.7 further supports our mathematical analysis of Section Il
that for each 0 there exists QUAd configurations
(with o 'Y 0 ) that require lesser area while providing
lower MED as compared to the swptimal configurations of

QuAd O & Y 0 ).

D State-oftheat X QuAd QuAdsuboptimal A QuAd optimal
[
(@) Linay=2 (b) Lnai=3
(€) L4 (d) Liar™5
(€) Linai=6 (f) Lina™7

Figure 7. Design space of an 8bit QuAd adder for various
Lmax values. The case ofd Lo is not provided since that
requires 4 for all sub -adders.

We compare the extended design space of the proposed 3.2 Quality -Area-Latency evaluation

QuAd adder model to that of the statd#-the-art approximate
adders. We show that our optimized) 6 6 ‘@ adder
indeed provides a qualitarea optimal adder configuration for a
given latencyconstraint. The area and latency results for adder
configurations are obtained by synthesizing their VERILOG
models for XILINX Virtex 6 XC6VLX75T FPGA using Xilinx ISE.
Subadders were implemented using the Ripple Carry Adder
(RCA) sincecurrent FPGAs us#edicated carry chains for their
efficient implementatiarHowever, note that our QuUAd model is
not specific to any particular subdder implementation. Thus,
unlike FPGAs if for an ASIC implementation anrbit CLA is
considered faster as compared to a@AR subadder unit of the

Fig. 7 also provides the design points that relate to our
optimal adder configurationI( O ! A for each possible value
of0 . It can be observed that th€uAds configuration
provides us with the minimum area and minimum MED for each
case. As an exampl8,0 6 ‘@fv and0 6 & @hp provide 20%
(Fig.1d)) and 33%Fig.{e)) area reduction, respectively, as
compared to the best possible configuration provided by the
stateof-the-art. Fig. 8 and Fig. 9 compare the Latency (ns) vs
Quality (MSE and MED) desigraseof the aforementioned state
of-the-art adders withthat of QuAd adder for an -Bit low
latency approximate addition. It can be observed that the QuAd
configuration always provides an adder configuration that

GeAr may comprise a CLA. Similarly, for FPGAs, LUT based fast provides the lowest latency for any valué MISE or MED.

adders such ad15]. Functional models for QuAd are also
developed in MATLAB to compute accuracy values (MSE, MED)
by exhaustive simulations and to evaluate performance in real
applications. We have made these RTL and MATLAB
implementations open source at
https://sourceforge.net/projects/quacbde/for reproducibility of
results and to facilitate further research and development in this
domain.

3.1 Design Space Coverage
Fig. 7 compares the quality (MEB3rea design space of an

8-bit QuAd adder model to that of the combined design space of Figure 8. Latency (ns) vs logio(MSE) for 8-bit QuAd

stateof-the-art adders, includingseAr[10], ETAII [9], ETAIIM

[9], GDA[8], ACA [6][7], ACAA, andESA[16] for various(
values Fig.7 demonstrates that the QuAd adder not only covers
the configurations of state@f-the-art low-latency adders but also
provides futher configurations that utilize lesser area while
providing better/same error measures.

configurations

0606 @M ) utlizes multiple nonroverlapping sub
adders, each with lengtd  , to provide a configuration thais
optimal in terms of MSE, MEDNote thatin Fig. 8and Fig. 9
there are a few other configurationsof QuAd adder that


https://sourceforge.net/projects/quad-code/




