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Abstract
System biology provides the basis to understand the behavioral properties of complex
biological organisms at different levels of abstraction. Traditionally, analysing systems
biology based models of various diseases have been carried out by paper-and-pencil
based proofs and simulations. However, these methods cannot provide an accurate
analysis, which is a serious drawback for the safety-critical domain of human medicine.
In order to overcome these limitations, we propose a framework to formally analyze
biological networks and pathways. In particular, we formalize the notion of reaction
kinetics in higher-order logic and formally verify some of the commonly used reaction
based models of biological networks using the HOL Light theorem prover. Furthermore,
we have ported our earlier formalization of Zsyntax, i.e., a deductive language for
reasoning about biological networks and pathways, from HOL4 to the HOL Light
theorem prover to make it compatible with the above-mentioned formalization of
reaction kinetics. To illustrate the usefulness of the proposed framework, we present the
formal analysis of three case studies, i.e., the pathway leading to TP53 Phosphorylation,
the pathway leading to the death of cancer stem cells and the tumor growth based on
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cancer stem cells, which is used for the prognosis and future drug designs to treat
cancer patients.

Introduction

1

The discovery and design of effective drugs for infectious and chronic biological diseases,

2

like cancer and cerebral malaria, require a deep understanding of behaviorial and

3

structural characteristics of underlying biological entities (e.g., cells, molecules and

4

enzymes). Traditional approaches, which rely on verbal and personal intuitions without

5

concrete logical explanations of biological phenomena, often fail to provide a complete

6

understanding of the behavior of such diseases, mainly due to the complex interactions

7

of molecules connected through a chain of reactions. Systems biology [1] overcomes these

8

limitations by integrating mathematical modeling and high-speed computing machines

9

in the understanding of biological processes and thus provides the ability to predict the

10

effect of potential drugs for the treatment of chronic diseases. System biology is widely

11

used to model the biological processes as pathways or networks. Some of the examples

12

are signaling pathways and protein-protein interaction networks [2]. These biological

13

networks such as gene regulatory networks (GRNs) or biological regulatory networks

14

(BRNs) [3], are analysed using the principles of molecular biology. This analysis, in turn,

15

plays an important role for the investigation of the treatment of various human

16

infectious diseases as well as future drug design targets. For example, the BRNs analysis

17

has been recently used for the prediction of treatment decisions for sepsis patients [4].

18

Traditionally, biologists analyze biological organisms (or different diseases) using
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wet-lab experiments [5, 6]. These experiments cannot provide reliable analysis due to

20

their inability to accurately characterize the complex biological processes in an

21

experimental setting. Moreover, the experiments take a long execution time and often

22

require an expensive experimental setup. One of the other techniques used for the

23

deduction of molecular reactions is the paper-and-pencil proof method (e.g. Boolean

24

modeling [7] or kinetic logic [8]). But the manual proofs in paper-and-pencil proof

25

methods, become quite tedious for large systems, where several hundred proof steps are

26

required in order to calculate the unknown parameters, thus prone to human error.

27

Other alternatives for analyzing system biology problems include computer-based

28
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techniques (e.g. Petri nets [9] and model checking [10]). Petri net is a graph based

29

technique [11] for analyzing system properties. In model checking, a system is modeled

30

in the form of state-space or automata and the intended properties of the system are

31

verified in a model checker by a rigorous state exploration of the system model.

32

Theorem proving [12] is another formal methods technique that is widely used for the

33

verification of the physical systems but has been rarely used for analyzing system

34

biology related problems. In theorem proving, a computer-based mathematical model of

35

the given system is constructed and then deductive reasoning is used for the verification

36

of its intended properties. A prerequisite for conducting the formal analysis of a system

37

is to formalize the mathematical or logical foundations that are required to model the

38

system in an appropriate logic.

39

Zsyntax [13] is a recently proposed formal language that supports the modeling of
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any biological process and presents an analogy between a biological process and the

41

logical deduction. It has some pre-defined operators and inference rules that are used

42

for the logical deductions about a biological process. These operators and inference

43

rules have been designed in such a way that they are easily understandable by the

44

biologists, making Zsyntax a biologist-centered formalism, which is the main strength of

45

this language. However, Zsyntax does not support specifying the temporal information

46

associated with biological processes. Reaction kinetics [14], on the other hand, caters for

47

this limitation by providing the basis to understand the time evolution of molecular

48

populations involved in a biological network. This approach is based on the set of

49

first-order ordinary differential equations (ODEs) also called reaction rate equations

50

(RREs). Most of these equations are non-linear in nature and difficult to analyze but

51

provide very useful insights for prognosis and drug predictions. Traditionally, the

52

manual paper-and-pencil technique is used to reason logically about biological processes,

53

which are expressed in Zsyntax. Similarly, the analysis of RREs is performed by either

54

paper-and-pencil based proofs or numerical simulation. However, both methods suffer

55

from the inherent incompleteness of numerical methods and error-proneness of manual

56

proofs. We believe that these issues cannot be ignored considering the critical nature of

57

this analysis due to the involvement of human lives. Moreover, biological experiments

58

based on erroneous parameters, derived by the above-mentioned approaches may also

59

result in the loss of time and money, due to the slow nature of wet-lab experiments and

60
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the cost associated with the chemicals and measurement equipment.

61

In this paper, we propose to develop a formal reasoning support for system biology
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to analyze complex biological systems within the sound core of a theorem prover and

63

thus provide accurate analysis results in this safety-critical domain. By formal reasoning

64

support, we mean to develop a set of generic mathematical models and definitions, a

65

process that is usually termed as formalization, of commonly used notions of system

66

biology using an appropriate logic and ascertain their properties as formally verified

67

theorems in a theorem prover, which is a verification tool based on deductive reasoning.

68

These formalized definitions and formally verified theorems can then in turn be used to

69

develop formal models of real-world system biology problems and thus verify their

70

corresponding properties accurately within the sound core of a theorem prover. The use

71

of logic in modeling and a theorem prover in the verification leads to the accuracy of the

72

analysis results, which cannot be ascertained by other computational approaches. In our

73

recent work [15], we developed a formal deduction framework for reasoning about

74

molecular reactions by formalizing the Zsyntax language in the HOL4 theorem

75

prover [16]. In particular, we formalized the logical operators and inference rules of

76

Zsyntax in higher-order logic. We then built upon these formal definitions to verify two

77

key behavioral properties of Zsyntax based molecular pathways [17, 18]. However, it was

78

not possible to reason about biological models based on reaction kinetics due to the

79

unavailability of the formal notions of reaction rate equations (a set of coupled

80

differential equations) in higher-order logic. In order to broaden the horizons of formal

81

reasoning about system biology, this paper presents a formalization of reaction kinetics

82

along with the development of formal models of generic biological pathways without the

83

restriction on the number of molecules and corresponding interconnections. Furthermore,

84

we formalize the transformation, which is used to convert biological reactions into a set

85

of coupled differential equations. This step requires multivariate calculus (e.g., vector

86

derivative, matrices, etc.) formalization in higher-order logic, which is not available in

87

HOL4 and therefore we have chosen to leverage upon the rich multivariable libraries of

88

the HOL Light theorem prover [19] to formalize the above mentioned notions and verify

89

the reactions kinetics of some generic molecular reactions. To make the formalization of

90

Zsyntax [15] consistent with the formalization of reaction kinetics in HOL Light, as part

91

of our current work, we ported all of the HOL4 formalization of Zsyntax to HOL Light.

92
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In order to illustrate the usefulness and effectiveness of our formalization, we present

93

the formal analysis of a molecular reaction representing the TP53 Phosphorylation [13],

94

a molecular reaction of pathway leading to the death of cancer stem cells (CSC) and the

95

analysis of tumor growth based on the CSC [20].

96

Related Work

97

In the last few decades, various modeling formalisms of computer science have been

98

widely used in system biology. We briefly outline here the applications of computational

99

modeling and analysis approaches in system biology, where the main idea is to

100

transform a biological model into a computer program.

101

Process algebra (PA) [21] provides an expressive framework to formally specify the
communication and interactions of concurrent processes without ambiguities. Biological

103

systems can be considered as concurrent processes and thus process algebra can be used

104

to model biological entities [22]. Some recent work in this area includes the

105

formalizations of molecular biology based on K -Calculus [23] and π-Calculus [24]. The

106

main tools that support PA in biology are sCCP [25], BioShape [26] and Bio-PEPA [27].

107

Even though PA based biological modeling provides sound foundations, it may be quite

108

difficult and cumbersome for working biologists to understand these notations [28, 29].

109

Rule-based modeling offers a flexible and simple framework to model various

PLOS

102

110

biochemical species in a textual or graphical format. This allows biologists to perform

111

the quantitative analysis [30, 31] of complex biological systems and predict important

112

underlying behaviors. Some of the main rule-based modeling tools are BioNetGen [30],

113

Kappa [32] and BIOCHAM [33]. These tools are mainly based on rewriting and model

114

transformation rules along with the integration with model checking tools and

115

numerical solvers. However, these integrations are usually not checked for correctness

116

(for example by an independent proof assistant), which may lead to inconsistencies [34].

117

Boolean networks [35] are used to characterize the dynamics of gene-regulatory

118

networks by limiting the behavior or genes by either a truth state or false state. Some

119

of the major tools that support the Boolean modeling of biological systems are

120

BoolNet [36], BNS [37] and GINsim [38]. The discrete nature of Boolean networks does

121

not allow us to capture continuous biological evolutions, which are usually represented

122
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by differential equations.

123

Model checking has shown very promising results in many applications of molecular
biology [39–42]. Hybrid systems theory [43] extends the state-based discrete

125

representation of traditional model checking with a continuous dynamics (described in

126

terms ODEs) in each state. Some of the recently developed tools that support the

127

hybrid modeling of biological systems are S-TaLiRo [44], Breach toolbox [45] and

128

dReach [46]. Recently, Petri nets have been widely used to model biological

129

networks [47, 48] and some of the important associated tools include Snoopy [49] and

130

GreatSPN [50]. However, the graph or state based nature of the models in these

131

methods only allow the description of some specific areas of molecular biology [13, 51].

132

Moreover, the model checking technique has an inherent state-space explosion

133

problem [52], which makes it only applicable to the biological entities that can acquire a

134

small set of possible levels and thus limits its scope by restricting its usage on larger

135

systems.

136

In a system analysis based on theorem proving, we need to formalize the
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137

mathematical or logical foundations required to model and analyze that system in an

138

appropriate logic. Several attempts have been made to formalize the foundations of

139

molecular biology. The first attempt at some basic axiomatization dates back to

140

1937 [53]. Zanardo et al. [54] and Rizzotti et al. [55] have also done some efforts towards

141

the formalization of biology. But all these formalizations are paper-and-pencil based and

142

have not been utilized to formally reason about molecular biology problems within a

143

theorem prover. In our recent work [15], we developed a formal deduction framework for

144

reasoning about molecular reactions by formalizing the Zsyntax language in the HOL4

145

theorem prover [16]. However, a major limitation of this work is that it cannot cater for

146

the temporal information associated with biological processes and, hence, does not

147

support modeling the time evolution of molecular populations involved in a biological

148

network, which is of a dire need when studying the dynamics of a biological system.

149

Reaction kinetics [14] provide the basis to understand the time evolution of molecular

150

populations involved in a biological network. To overcome the limitation of the work

151

presented by Sohaib et al. [15], we provide the formalization of reaction kinetics in

152

higher-order logic and in turn extend the formal reasoning about system biology.

153
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Higher-order-Logic Theorem Proving and HOL Light

154

Theorem Prover

155

In this section, we provide a brief introduction to the higher-order-logic theorem proving

156

and HOL Light theorem prover.

157

Higher-order-Logic Theorem Proving

158

Theorem proving involves the construction of mathematical proofs by a computer

159

program using axioms and hypothesis. Theorem proving systems (theorem provers) are

160

widely used for the verification of hardware and software systems [56, 57] and the

161

formalization (or mathematical modeling) of classical mathematics [58–60]. For

162

example, hardware designers can prove different properties of a digital circuit by using

163

some predicates to model the circuits model. Similarly, a mathematician can prove the

164

transitivity property for real numbers using the axioms of real number theory. These

165

mathematical theorems are expressed in logic, which can be a propositional, first-order

166

or higher-order logic based on the expressibility requirement.

167

Based on the decidability or undecidability of the underlying logic, theorem proving

168

can be done automatically or interactively. Propositional logic is decidable and thus the

169

sentences expressed in this logic can be automatically verified using a computer

170

program whereas higher-order logic is undecidable and thus theorems about sentences,

171

expressed in higher-order logic, have to be verified by providing user guidance in an

172

interactive manner.

173

A theorem prover is a software for deductive reasoning in a sound environment. For

174

example, a theorem prover does not allow us to conclude that “ xx = 1” unless it is first

175

proved or assumed that x 6= 0. This is achieved by defining a precise syntax of the

176

mathematical sentences that can be input in the software. Moreover, every theorem

177

prover comes with a set of axioms and inference rules which are the only ways to prove

178

a sentence correct. This purely deductive aspect provides the guarantee that every

179

sentence proved in the system is actually true.

180
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HOL Light Theorem Prover

181

HOL Light [19] is an interactive theorem prover used for the constructions of proofs in

182

higher-order logic. The logic in HOL Light is represented in meta language (ML), which

183

is a strongly-typed functional programming language [61]. A theorem is a formalized

184

statement that may be an axiom or could be deduced from already verified theorems by

185

an inference rule. Soundness is assured as every new theorem must be verified by

186

applying the basic axioms and primitive inference rules or any other previously verified

187

theorems/inference rules. A HOL Light theory is a collection of valid HOL Light types,

188

axioms, constants, definitions and theorems, and is usually stored as an ML file in

189

computers. Users interacting with HOL Light can reload a theory and utilize the

190

corresponding definitions and theorems right away. Various mathematical foundations

191

have been formalized and stored in HOL Light in the form of theories by the HOL Light

192

users. HOL Light theories are organized in a hierarchical fashion and child theories can

193

inherit the types, constants, definitions and theorems of the parent theories. The HOL

194

Light theorem prover provides an extensive support of theorems regarding Boolean

195

variables, arithmetics, real numbers, transcendental functions, lists and multivariate

196

analysis in the form of theories which are extensively used in our formalization. The

197

proofs in HOL Light are based on the concept of tactics which break proof goals into

198

simple subgoals. There are many automatic proof procedures and proof assistants [62]

199

available in HOL Light, which help the user in concluding a proof more efficiently.

200

Proposed Framework

201

The proposed theorem proving based formal reasoning framework for system biology,

202

depicted in Fig 1, allows the formal deduction of the complete pathway from any given

203

time instance and model and analyze the ordinary differential equations (ODEs)

204

corresponding to a kinetic model for any molecular reaction. For this purpose, the

205

framework builds upon existing higher-order-logic formalizations of Lists, Pairs, Vectors,

206

and Calculus.

207

The two main rectangles in the higher-order logic block present the foundational

208

formalizations developed to facilitate the formal reasoning about the Zsyntax based

209

pathway deduction and the reaction kinetics. In order to perform the Zsyntax based

210
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Verified Solution of
Reaction Kinetic Model

Fig 1. Proposed Framework

molecular pathway deduction, we first formalize the functions representing the logical

211

operators and inference rules of Zsyntax in higher-order logic and verify some

212

supporting theorems from this formalization. This formalization can then be used along

213

with a list of molecules and a list of Empirically Valid Formulae (EVFs) to formally

214

deduce the pathway for the given list of molecules and provide the result as a formally

215

verified theorem using HOL Light. Similarly, we have formalized the flux vectors and

216

stoichiometric matrices in higher-order-logic. These foundations can be used along with

217

a given list of species and the rate of the reactions to develop a corresponding ODEs

218

based kinetic reactions model. The solution to this ODE can then be formally verified

219

as a theorem by building upon existing formalizations of Calculus theories.

220

The distinguishing characteristics of the proposed framework include the usage of
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deductive reasoning to derive the deduced pathways and solutions of the reaction kinetic

222

models. Thus, all theorems are guaranteed to be correct and explicitly contain all

223

required assumptions.

224
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Results

225

Formalization of Zsyntax

226

Zsyntax [13] is a formal language which exploits the analogy between biological

227

processes and logical deduction. Some of its key features are that: 1) it enables us to

228

represent molecular reactions in a mathematical rigorous way; 2) it is of heuristic

229

nature, i.e., if the initialization data and the conclusion of a reaction is known, then it

230

allows us to deduce the missing data based on the initialization data; and 3) it possesses

231

computer implementable semantics. Zsyntax has three operators namely Z-Interaction,

232

Z-Conjunction and Z-Conditional that are used to represents different phenomenon in a

233

biological process. These are the atomic formulas residing in the core of Zsyntax.

234

Z-Interaction (*) represents the reaction or interaction of two molecules. In biological

235

reactions, the Z-interaction operation is not associative. i.e., in a reaction having three

236

molecules namely A, B and C, the operation (A ∗ B) ∗ C is not equal to A ∗ (B ∗ C).

237

Z-Conjunction (&) is used to form the aggregate of the molecules participating in the

238

biological process. These molecules can be same or different. Unlike the Z-Interaction

239

operator, the Z-Conjunction is fully associative. Z-Conditional (→) is used to represent

240

a path from A to B when condition C becomes true, i.e., A → B if there is a C

241

allowing it. To apply the above-mentioned operators on a biological process, Zsyntax

242

provides four inference rules that are used for the deduction of the outcomes of the

243

biological reactions. These inference rules are given in Table 1.

244

Table 1. Zsyntax Inference Rules

Inference Rules
Elimination of Z-conditional(→E)
Introduction of Z-conditional(→I)
Elimination of Z-conjunction(&E)
Introduction of Z-conjunction(&I)

Definition
if C ` (A → B) and (D ` A) then (C&D ` B)
C&A ` B then C ` (A → B)
C ` (A&B) then (C ` A) and (C ` B)
(C ` A) and (D ` B) then (C&D) ` (A&B)

Zsyntax also utilizes the EVFs which are the empirical formulas validated in the lab

245

and are basically the non-logical axioms of molecular biology. A biological reaction can

246

be mapped and then these above-mentioned Zsyntax operators and inference rules are

247

used to derive the final outcome of the reaction as shown in [13].

248

We start our formalization of Zsyntax, by formalizing the molecule as a variable of
arbitrary data type (α) [18]. Z-Interaction is represented by a list of molecules (α list),
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249

250

which is a molecular reaction among the elements of the list. This (α list) may contain

251

only a single element or it can have multiple elements. We model the Z-Conjunction

252

operator as a list of list of molecules ((α list) list), which represents a collection of

253

non-reacting molecules. Using this data type, we can apply the Z-Conjunction operator

254

between individual molecules (a list with a single element), or between multiple

255

interacting molecules (a list with multiple elements). Thus, based on our datatype,

256

Z-Conjunction is a list of Z-interactions for both of these cases, i.e., individual molecules

257

or multiple interacting molecules. So, overall, Z-conjunction acts as a set of

258

Z-interaction. When a new set of molecules is generated based on the EVFs available

259

for a reaction, the status of the molecules is updated using the Z-Conditional operator.

260

We model each EVF as a pair of data type (α list # α list list) where the first element

261

of the pair is a list of the molecules represented by data type (α list) and are actually

262

the reacting molecules, whereas, the second element is a list of list of molecules

263

((α list) list), which represents a set of molecules that are obtained as a result of the

264

reaction between the molecules of the first element of the pair and thus act as a set of

265

Z-Interactions. A collection of EVFs is formalized using the data type

266

((α list # α list list) list), which is a list of EVFs.

267

Next, we formalize the inference rules using higher-order logic. The inference rule
named elimination of the Z-Conditional (→E) is equivalent to the Modus Ponens (the

269

elimination of implication rule) law of propositional logic. Similarly, we can infer

270

introduction of Z-Conditional (→I) rule from the existing rules of the propositional logic

271

present in a theorem prover. Thus, both of these rules can be handled by the

272

simplification and rewriting rules of the theorem prover and we do not need to define

273

new rules for handling these inference rules. To check the presence of a particular

274

molecule in an aggregate of some inferred molecules, the elimination of the

275

Z-Conjunction (&E) rule is used. We apply it at the end of the biological reaction to

276

check whether the product of the reaction is the desired molecule or not. We formalized

277

this rule by a function (Table 2: zsyn conjun elimin), which accepts a list l and an

278

element x and checks if x is present in this list. If the condition is true, it returns the

279

given element x as a single element of that list l. Otherwise, it returns the list l as is,

280

as shown in Fig 2a.

281

The Z-Interaction and the introduction of Z-Conjunction (&I) rule jointly enable us
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282

Table 2. Definitions of Zsyntax Formalization
Name
Elimination of
Z-Conjunction
Rule
Introduction of
Z-Conjunction
and
Z-Interaction
Reactants
Deletion
Element
Deletion

EVF Matching

Recursive
Function to
model the
argument y in
function
zsyn EVF

Recursive
Function to
model the
argument x in
function
zsyn EVF

Final Recursion
Function for
Zsyntax

Final Deduction
Function for
Zsyntax

PLOS

Formalized Form

Description

` ∀ l x. zsyn conjun elimin l x =
if MEM x l then [x] else l

 MEM x l: True if x is a member of list l

` ∀ l x y. zsyn conjun intro l x y =
CONS (FLAT [EL x l; EL y l]) l

 FLAT l: Flatten a list of lists l to a single
list
 EL y l: y th element of list l
 CONS: Adds a new element to the top of the
list

` ∀ l x y. zsyn delet l x y = if x > y
then delet (delet l x) y
else delet (delet l y) x
` ∀ l. delet l 0 = TL l ∧
∀ l y. delet l (y + 1) =
CONS (HD l) (delet (TL l) y)
` ∀ l e x y. zsyn EVF l e 0 x y =
if FST (EL 0 e) = HD l
then (T,zsyn delet (APPEND (TL l) (SND (EL 0 e))) x y)
else (F,TL l) ∧
∀ l e p x y. zsyn EVF l e (p + 1) x y =
if FST (EL (p + 1) e) = HD l
then (T,zsyn delet (APPEND (TL l) (SND (EL (SUC p) e))) x y)
else zsyn EVF l e p x y
` ∀ l e x. zsyn recurs1 l e x 0 =
zsyn EVF (zsyn conjun intro l x 0) e (LENGTH e - 1) x 0 ∧
∀ l e x y.
zsyn recurs1 l e x (y + 1) =
if FST (zsyn EVF (zsyn conjun intro l x (y + 1))
e (LENGTH e - 1) x (y + 1)) ⇔ T
then zsyn EVF (zsyn conjun intro l x (y + 1))
e (LENGTH e - 1) x (y + 1)
else zsyn recurs1 l e x y
` ∀ l e y. zsyn recurs2 l e 0 y =
if FST (zsyn recurs1 l e 0 y) ⇔ T
then (T,SND (zsyn recurs1 l e 0 y))
else (F,SND (zsyn recurs1 l e 0 y)) ∧
∀ l e x y. zsyn recurs2 l e (x + 1) y =
if FST (zsyn recurs1 l e (x + 1) y) ⇔ T
then (T,SND (zsyn recurs1 l e (x + 1) y))
else zsyn recurs2 l e x (LENGTH l - 1)
` ∀ l e x y. zsyn deduct recurs l e x y 0 = (T,l) ∧
∀ l e x y q. zsyn deduct recurs l e x y (q + 1) =
if FST (zsyn recurs2 l e x y) ⇔ T
then zsyn deduct recurs (SND (zsyn recurs2 l e x y)) e
(LENGTH (SND (zsyn recurs2 l e x y)) - 1)
(LENGTH (SND (zsyn recurs2 l e x y)) - 1) q
else (T,SND (zsyn recurs2 l e (LENGTH l - 1)
(LENGTH l - 1)))
` ∀ l e. zsyn deduct l e =
SND (zsyn deduct recurs l e (LENGTH l - 1)
(LENGTH l - 1) LENGTH e)

 delet l x: Deletes the element at index x
of the list l
 HD l: Head element of list l
 TL l: Tail of list l






FST: First component of a pair
SND: Second component of a pair
APPEND: Merges two lists
zsyn delet: Reactants deletion

 LENGTH e: Length of list e
 zsyn EVF: EVF Matching
 zsyn conjun intro: Introduction of ZConjunction and Z-Interaction

 zsyn recurs1: Recursive function to model
the augment y in zsyn EVF

 zsyn recurs2: Recursive function to model
the augment x in zsyn EVF

 zsyn deduct recurs: Recursive Function
for calling zsyn EVF

to perform a reaction between different molecules during the experiment. This rule is

283

basically the append operation of lists, based on the above data types defined in our

284

formalization. The function zsyn conjun intro, given in Table 2, represents this

285

particular rule. It takes a list l and two of its elements x and y, and appends the list of

286
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these two elements on its head as shown in Fig 2b.

(a)

287

(b)
Input

Output

Match
Element 2

Index 0

,

Pair

Element 1

No match

False
Element 2

Index 1

,

F,

Element 2

Element p

Matched

Pair

True

No match

T,
Element p

Element p

Index p

List

,

Index 0

List

(c)
(d)
Fig 2. Graphical Depiction of Formalization of Zsyntax: (a) Elimination of the Z-Conjunction Rule (zsyn conjun elimin) (b)
Introduction of Z-Conjunction (zsyn conjun intro) (c) Reactants Deletion (zsyn delet) (d) EVF Matching (zsyn EVF)

PLOS

According to laws of stoichiometry [13], we have to delete the initial reacting

288

molecules from the main list, for which the Z-Conjunction operator is applied. Our

289

formalization of this behavior is represented by the function zsyn delet, given in Table

290

2 and depicted in Fig 2c. The function zsyn delet accepts a list l and two numbers x

291

and y and deletes the x th and y th elements of the given list l. The function checks if

292

the index x is greater than the index y, i.e., x > y. If the condition is true, then it

293

deletes the x th element first and then the y th element. Similarly, if the condition x > y

294

is false, then it deletes the y th element first and then the x th element. In this deletion

295

process, to make sure that the deletion of first element will not affect the index of the

296

other element that has to be deleted, we delete the element present at the higher index

297

of list before the deletion of the lower indexed element.

298
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We aim to build a framework that takes the initial molecules of a biological

PLOS

299

experiment along with the possible EVFs and enables us to deduce its corresponding

300

final outcomes. Towards this, we first write a function zsyn EVF, given in Table 2 and

301

depicted in Fig 2d, that takes a list of initial molecules and compares its particular

302

combination with the corresponding EVFs and if a match is found then it adds the

303

newly resulted molecule to initial list after deleting the instance that have already been

304

consumed. The function zsyn EVF takes a list of molecules l and a list of EVFs e and

305

compares the head element of the list l to all of the elements of the list e. Upon finding

306

no match, this function returns a pair having first element as false (F), which acts as a

307

flag and indicates that there is no match between any of the EVFs and the

308

corresponding molecule, whereas the second element of the pair is the tail of the

309

corresponding list l of the initial molecules. If a match is found, then the function will

310

return a pair with its first element as a true (T), which indicates the confirmation of the

311

match that have been found, and the second element of the pair is the modified list l,

312

whose head is removed, and the second element of the corresponding EVF pair is added

313

at the end of the list and the matched elements are deleted as these have already been

314

consumed.

315

Next, we have to call the function zsyn EVF recursively, for the deduction of the

316

final outcome of the experiment and for each of the recursive case, we place each of the

317

possible combinations of the given molecules (elements at indices x and y of list l) at

318

the head of l one by one. This whole process can be done using functions zsyn recurs1

319

and zsyn recurs2, given in Table 2. In the function zsyn recurs1, we first place the

320

combination of molecules indexed by variables x and y at the top of the list l using the

321

introduction of Z-Conjunction rule. Then, this modified list l is passed to the function

322

zsyn EVF, which is recursively called by the function zsyn recurs1. Moreover, we

323

instantiate the variable p of the function zsyn EVF with the length of the EVF list

324

(LENGTH e - 1) so that every new combination of the list l is compared with all the

325

elements of the list of EVFs e. The function zsyn recurs1 terminates upon finding a

326

match in the list of EVFs and returns true (T) as the first element of its output pair,

327

which acts as a flag for the status of this match. The second function zsyn recurs2

328

checks, if a match in the list of EVFs e is found (if the flag returns true (T)) then it

329

terminates and returns the output list of the function zsyn recurs1. Otherwise, it

330
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recursively checks for the match with all of the remaining values of the variable x. In

331

the case of a match, these two functions zsyn recurs1 and zsyn recurs2 have to be

332

called all over again with the new updated list. This iterative process continues until no

333

match is found in the execution of these functions. This overall behaviour can be

334

expressed in HOL Light by the recursive function zsyn deduct recurs, given in Table

335

2. In order to guarantee the correct operation of deduction, we instantiate the variable

336

of recursion (q) with a value that is greater than the total number of EVFs so that the

337

application of none of the EVF is missed. Similarly, in order to ensure that all the

338

combinations of the list l are checked against the entries of the EVF list e, the value

339

LENGTH l - 1 is assigned to both of the variables x and y. Thus, the final deduction

340

function for Zsyntax can be modeled as the function zsyn deduct, given in Table 2.

341

The function zsyn deduct accepts the initial list of molecules l and the list of valid

342

EVFs e and returns a list of final outcomes of the experiment under the given

343

conditions. Next, in order to check, if the desired molecule is present in this list (the

344

output of the function zsyn deduct), we apply the elimination of the Z-Conjunction

345

rule presented as function zsyn conjun elimin, given in Table 2. More detail about

346

the behavior of all of these functions can be found in our proof script [63].

347

These formal definitions enable us to check recursively all of the possible

PLOS

348

combinations of the molecules, present in the initial list l, against each of the first

349

element of the list of EVFs e. Upon finding a match, the reacting molecules are

350

replaced by their outcome in the initial list of molecules l by applying the

351

corresponding EVF. This process is repeated on the current updated list of molecules

352

until there are no further molecules reacting with each other. The list l at this point

353

contains the post-reaction molecules. Finally, the elimination of the Z-Conjunction rule

354

zsyn conjun elimin, given in Table 2, is applied to obtain the desired outcome of the

355

given biological experiment.

356

In order to prove the correctness of the formal definitions presented above, we verify

357

a couple of key properties of Zsyntax involving operators depicting the vital behaviour

358

of the molecular reactions. The first verified property captures the scenario when there

359

is no reacting molecule present in the initial list of the experiment. As a result of this

360

scenario, the post-experiment molecules are the same as the pre-experiment molecules.

361

The second property deals with the case when there is only one set of reacting molecules

362
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in the given initial list of molecules and in this scenario we verify that after the

363

execution of the Zsyntax based experiment, the list of post-experiment molecules

364

contains the products of the reacting molecules minus its reactant along with the

365

remaining non-reacting molecules provided at the beginning of the experiment. We

366

formally specified both of these properties, representing the no reaction and single

367

reaction scenarios in higher-order logic using the formal definitions presented earlier in

368

this section. The formal verification results about these properties are given in Table 3

369

and more details can be found in the description of their formalization [18, 63]. The

370

formalization presented in this section provides an automated reasoning support for the

371

Zsyntax based molecular biological experiments within the sound core of HOL Light

372

theorem prover.

373

Table 3. Formal Verification of Zsyntax Properties
Name

Case:1
No
Reaction

Case:2
Single
Reaction

PLOS

Formalized Form
` ∀ e l.
A1:∼(NULL e) ∧
A2:∼(NULL l) ∧
A3:(∀ a x y. MEM a e ∧
x < LENGTH l ∧ y < LENGTH l
⇒ ∼MEM (FST a)
[HD (zsyn conjun intro l x y)])
⇒ zsyn deduct l e = l
` ∀ e l z x’ y’.
A1:∼(NULL e) ∧
A2:∼(NULL (SND (EL z e))) ∧
A3:1 < LENGTH l ∧
A4:x’ 6= y’ ∧
A5:x’ < LENGTH l ∧
A6:y’ < LENGTH l ∧
A7:z < LENGTH e ∧
A8:ALL DISTINCT (APPEND l (SND (EL z e))) ∧
A9:(∀ a b. a 6= b
⇒ FST (EL a e) 6= FST (EL b e)) ∧
A10:(∀ k x y. x < LENGTH k ∧ y < LENGTH k ∧
(∀ j. MEM j k ⇒ MEM j l ∨
(∃ q. MEM q e ∧ MEM j (SND q)) ⇒
if (EL x k = EL x’ l) ∧ (EL y k = EL y’ l)
then HD (zsyn conjun intro k x y) =
FST (EL z e)
else ∀ a. MEM a e
⇒ FST a 6= HD (zsyn conjun intro k x y))
⇒ zsyn deduct l e
= zsyn delet (APPEND l (SND (EL z e))) x’ y’

Description







e: List of EVFs
l: List of molecules
A1: List e is non-empty
A2: List l is non-empty
A3: The formalization of the no-reaction-possibility condition
Conclusion: Both the pre and post-experiment lists of
molecules are the same

 e: List of EVFs
 l: List of molecules
 A1-A2: The list e and the second element of the pair at index
z of the list e is non-empty
 A3: List l, i.e., the list of initial molecules, contains at least
two elements
 A4: The indices x’ and y’ are distinct
 A5-A7: The indices x’, y’ and z fall within the range of
elements of their respective lists of molecules l or EVFs e
 A8: All elements of the list l and the resulting molecules of
the EVF at index z are distinct
 A9: All first elements of the pairs in list e are distinct
 A10: It models the scenario where there is only one pair of
reactants present in the reaction
 Conclusion: The scenario when the resulting element, available at the location z of the EVF list, is appended to the
list of molecules while the elements available at the indices x’
and y’ of l are removed during the execution of the function
zsyn deduct on the given lists l and e
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Formalization of Reaction Kinetics

374

Reaction kinetics [64] is the study of rates at which biological processes interact with

375

each other and how the corresponding processes are affected by these reactions. The

376

rate of a reaction provides the information about the evolution of the concentration of

377

the species (e.g., molecules) over time. A process is basically a chain of reactions, called

378

pathway, and the investigation about the rate of a process implies the rate of these

379

pathways. Generally, biological reactions can be either irreversible (unidirectional) or

380

reversible (bidirectional). We formally define this fact by an inductive enumerating

381

data-type reaction type, given in Table 4.

382

In order to analyze a biological process, we need to know its kinetic reaction based

383

model, which comprises of a set of m species, X = {X1 , X2 , X3 , . . . , Xm } and a set of n

384

reactions, R = {R1 , R2 , R3 , . . . , Rn }. An irreversible reaction Rj , {1 ≤ j ≤ n} can

385

generally be written as:

386

kj
Rj : s1,j X1 + s2,j X2 + . . . + sm,j Xm −→ ś1,j X1 + ś2,j X2 + . . . + śm,j Xm . Similarly, a

387

reversible reaction Rj , {1 ≤ j ≤ n} can be described as:

388

kj f

Rj : s1,j X1 + s2,j X2 + . . . + sm,j Xm  ś1,j X1 + ś2,j X2 + . . . + śm,j Xm . The

389

coefficients s1,j , s2,j , . . . , sm,j , ś1,j , ś2,j , . . . , śm,j are the non-negative integers and

390

represent the stoichiometries of the species taking part in the reaction. The

391

non-negative integer kj is the kinetic rate constant of the irreversible reaction. The

392

non-negative integers kj f and kj r are the forward and reverse kinetic rate constants of

393

the reversible reaction, respectively [65]. In a biological reaction, we model a biological

394

entity as a pair (N, R), where the first element represents the stoichiometry and the

395

second element is the concentration of the molecule. We formally model a biological

396

reaction as the type abbreviation bio reaction [63], given in Table 4.

397

kj r

The dynamic behavior of the biological systems is described by a set of ordinary

398

differential equations (ODEs) and the evolution of the system is captured by analyzing

399

the change in the concentration of the species (i.e., time derivatives):
Pn
d[Xi ]
j=1 ni,j vj , where ni,j is the stoichiometric coefficient of the molecular species
dt =

PLOS

400

401

Xi in reaction Rj (i.e., ni,j = śi,j − si,j ). The parameter vj represents the flux of the

402

reaction Rj , which can be computed by the law of mass action [14], i.e., the rate (also

403

called flux) of a reaction is proportional to the concentration of the reactant (c) raised

404
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Table 4. Definitions of Reaction Kinetics Formalization
Name
Reaction
Type

Biological
Reaction

Product of the
Concentrations
Flux of an
Irreversible
Reaction
Flux of a
Reversible
Reaction

Flux of a
Single
Reaction
Flux Vector

Column of the
Stoichiometric
Matrix

Description
Biological Reaction
define type "reaction type "
Reaction type (reversible or irreversible) defined by an
= irreversible | reversible"
inductive enumerating data-type
Biological reaction is a pair with reaction type as the first
element and a 3-tuple as the second element with the
following components:
 (N × R)list: List of reactants, where N is the stiochiometry and R represents the concentration of a
new type abbrev "bio reaction",
reactant
:(reaction type × ((N × R)list ×
 (N × R)list: List of products, where N is the sti(N × R)list × (R × R)))
ochiometry and R represents the concentration of a
product
 (R × R): The first element R is the forward kinetic
rate constant and the second element R is the reverse
kinetic rate constant for reversible reaction. A zero here
indicates a irreversible reaction.
Flux Vector
` ∀ h t. flux irr [ ] = &1 ∧
It takes a list of reactants in the form of a pair and returns a
flux irr (CONS h t) =
real number, which is the product of the concentration raised
if FST h = 0
to the power of the stoichiometry of all the reactants in the
then flux irr t
reaction.
else SND h pow FST h * flux irr t
` ∀ products list rate reactants list.
It takes a list of reactants, a list of products and the first
gen flux irreversible reactants list
element of the kinetic rate constant pair and returns the flux
products list rate =
of an irreversible reaction.
rate ∗ flux irr reactants list
` ∀ rate 1 reactants list rate 2 products list.
gen flux reversible reactants list
It takes a list of reactants, a list of products and the forward
products list rate 1 rate 2 =
kinetic rate constant, reverse kinetic rate constant and
rate 1 ∗ flux irr reactants list
returns the flux of a reversible reaction.
- rate 2 ∗ flux irr products list
The defintions gen flux irreversible and
` ∀ t R P k1 k2. flux sing (t,R,P,k1,k2) =
gen flux reversible are combined into a uniform defintion.
if t = irreversible
The function flux sing takes a biological reaction, which
then gen flux irreversible R P k1
can be a reversible or irreversible reaction, and returns the
else gen flux reversible R P k1 k2
corresponding flux of that reaction.
` ∀ M. flux M = vector (MAP flux sing M)
It takes a list of biological reactions and returns flux vector v.
Stoichiometric Matrix
` ∀ h t h2 h1 t1 t2.
stioch mat column [ ] [ ] = [ ] ∧
It accepts a list of the reactants and a list of products and
stioch mat column (CONS h t) [ ] = [ ] ∧
stioch mat column [ ] (CONS h t) = [ ] ∧
returns a list containing the corresponding column of the
stioch mat column (CONS h1 t1) (CONS h2 t2) =
stoichiometric matrix.
CONS (&(FST h2) - &(FST h1))
(stioch mat column t1 t2)

Vector of the
Stoichiometric
Matrix
Column

` ∀ t k1 k2 R P.
st matrix sing (t,R,P,k1,k2)
= vector (stioch mat column R P)

Stoichiometric
Matrix

` ∀ M. st matrix M
= vector (MAP st matrix sing M)

Derivative of
a List of
Functions
Derivative of
a Vector

PLOS

Formalized Form

It takes a single biological reaction (bio reaction) and
returns a vector (Rm ), which corresponds to the column of
the stoichiometric matrix.

It takes a list of biological reactions and returns a
stiochiometric matrix (in transposed form) using the MAP
function, which applies the function st matrix sing on
every element of the list M .
Vector of Derivative
` ∀ h t x. map real deriv [ ] x = [ ] ∧
It takes a list containing the concentrations of all the species
map real deriv (CONS h t) x =
taking part in the reaction and maps a real derivative over
APPEND [real derivative h x]
each function of the list using the function real derivative,
(map real deriv t x)
which represents the real-valued derivative of a function
It accepts a list containing the concentrations of species and
returns a vector with each element represented in the form of
` ∀ L t. entities deriv vec L t
a real-valued derivative, which is left-hand side of vector
= vector (map real deriv L t)
equation, i.e., d[X]
dt .
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to the power of its stoichiometry (s), i.e., cs . We define the function

405

gen flux irreversible, given in Table 4, to obtain the flux of an irreversible

406

reaction [63].

407

A reversible reaction can be divided into two irreversible reactions with the forward

408

kinetic rate constant and the reverse kinetic rate constant, respectively. The rate/flux of

409

a reversible reaction is obtained by taking the differences of the fluxes of the two

410

irreversible reactions. We formally define the flux of a reversible reaction by the

411

function gen flux reversible, given in Table 4. Next, we combine the functions

412

gen flux irreversible and gen flux reversible into one uniform function

413

flux single (Table 4) [63] to obtain the flux of a single reaction.

414

For all reactions from 1 to n of a biological system, the flux becomes a flux vector as
v = (v1 , v2 , . . . , vn )T and the system of ODEs can be written in the vectorial form as:

416

d[X]
dt

417

= N v, where [X] = (X1 X2 , . . . , Xn )T is a vector of the concentration of all of the

species participating in the reaction and N is the stoichiometric matrix of order m × n.

418

We can obtain the flux vector v for a chain of reactions of a biological system by the

419

function flux [63], given in Table 4.

420

Next, we formalize the notion of stoichiometric matrix N by the function

421

st matrix [63] given in Table 4. Finally, in order to formalize the left-hand side of
above vector equation, i.e.,

d[X]
dt ,

422

we define a function entities deriv vec which takes

423

a list containing the concentrations of all species and returns a vector with each element

424

represented in the form of a real-valued derivative.

425

We can utilize this infrastructure to model arbitrary biological networks consisting of

426

any number of reactions. For example, a biological network consisting of a list of E

427

biological species and M biological reactions can be formally represented by the following

428

general kinetic model:

429

((entities deriv vec E t) : real^m) = transp((st matrix M) : real^m^n) ∗ ∗ flux M

430

We used the formalization of the reaction kinetics to verify some generic properties

PLOS

415

431

of biological reactions, such as irreversible consecutive reactions, reversible and

432

irreversible mixed reactions. The main idea is to express the given biological network as

433

a kinetic model and verify that the given solution (mathematical expression) of each

434

biological entity satisfies the resulting set of coupled differential equations. This

435
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verification is quite important as such expressions are used to predict the outcomes of

436

various drugs and to understand the time evolution of different molecules in the

437

reactions of the biological systems.

438

The Irreversible Consecutive Reactions

439

We consider a general irreversible consecutive reaction scheme as shown in Fig 3a. In

440

the first reaction, A is the reactant and B is the product whereas k1 represents the

441

kinetic rate constant of the reaction. Similarly, in the second reaction, B is the reactant,

442

C is the product and k2 is its kinetic rate constant. We formally model this reaction

443

scheme as a HOL Light function rea sch 01, given in Table 5, and the formalization

444

details are available as a technical report [66]. We moreover verify the solution of its

445

kinetic model in HOL Light. The formal verification results are given in Table 6 [63].

446

Table 5. Formal Models of Generic Reaction Schemes
Name
The
Irreversible
Consecutive
Reactions
The
Consecutive
Reactions
with the
Second Step
Being
Reversible
The
Consecutive
Reactions
with First
Step as a
Reversible
Reaction
The
Consecutive
Reactions
with a
Reversible
Step

PLOS

Formalized Form

Description
rea sch 01: It accepts the concentrations of
` ∀ k1 A B C t k2.
the species A, B, C, the kinetic rate constants k1,
rea sch 01 A B C k1 k2 t =
k2, a real-valued time variable t and returns a
[irreversible,[1,A t; 0,B t; 0,C t],[0,A t; 1,B t; 0,C t],k1,&0;
list of two irreversible biological reactions
irreversible,[0,A t; 1,B t; 0,C t],[0,A t; 0,B t; 1,C t],k2,&0]
(bio reaction).
rea sch 02: It accepts the concentrations of
` ∀ k1 A B C t k2 k3.
the species A, B, C, the kinetic rate constants k1,
rea sch 02 A B C k1 k2 k3 t =
k2, k3, a real-valued time variable t and
[irreversible,[1,A t; 0,B t; 0,C t],[0,A t; 1,B t; 0,C t],k1,&0;
returns the list of biological reactions
reversible,[0,A t; 1,B t; 0,C t],[0,A t; 0,B t; 1,C t],k2,k3]
(bio reaction).

rea sch 03: It takes the concentrations of the
` ∀ k1 k2 A B C t k3.
species A, B, C, the kinetic rate constants k1,
rea sch 03 A B C k1 k2 k3 t =
k2, k3 and the time variable t and returns the
[reversible,[1,A t; 0,B t; 0,C t],[0,A t; 1,B t; 0,C t],k1,k2;
corresponding list of biological reactions
irreversible,[0,A t; 1,B t; 0,C t],[0,A t; 0,B t; 1,C t],k3,&0]
(bio reaction).
rea sch 04: It accepts the concentrations of
` ∀ k1 k2 A B C t k3.
the species A, B, C, the kinetic rate constants k1,
rea sch 04 A B C k1 k2 k3 t =
k2, k3, the time variable t and returns the list
[reversible,[1,A t; 0,B t; 0,C t],[0,A t; 1,B t; 0,C t],k1,k2;
of corresponding biological reactions
irreversible,[1,A t; 0,B t; 0,C t],[0,A t; 0,B t; 1,C t],k3,&0]
(bio reaction).

The Consecutive Reactions with the Second Step being Reversible

447

The second reaction scheme consists of the consecutive reactions with the second step

448

being reversible as shown in Fig 3b. In the irreversible reaction, A and B are the

449
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Table 6. Formal Verification of Reaction Kinetics Properties
Name

The
Irreversible
Consecutive
Reactions

The
Consecutive
Reactions
with the
Second Step
being
Reversible

The
Consecutive
Reactions
with the First
Step being
Reversible

The
Consecutive
Reactions
with a
Reversible
Step

PLOS

Formalized Form
` ∀ A
A1:
A4:
A7:

B C t k1 k2 .
0 < k1 ∧ A2: 0 < k2 ∧ A3: (k2 − k1 6= 0) ∧
A(0) = A0 ∧ A5: B(0) = 0 ∧ A6: C(0) = 0 ∧
∀t. A(t) = A0 e(−k1 t) ∧
k1
A8: ∀t. B(t) = A0
(e−k1 t − e−k2 t ) ∧
(k
 2 − k1 )

k2
k1
A9: ∀t. C(t) = A0 1 −
e−k1 t −
e−k2 t
(k2 − k1 )
(k1 − k2 )
⇒ entities deriv vec [A; B; C] t =
transp (st matrix (rea sch 01 A B C k1 k2 t)) ∗ ∗
flux (rea sch 01 A B C k1 k2 t)

` ∀ A B C t k1 k2 k3 .
A1: 0 < k1 ∧ A2: 0 < k2 ∧ A3: 0 < k3 ∧
A4: A(0) = A0 ∧ A5: B(0) = 0 ∧ A6: C(0) = 0 ∧
A7: r1 = k1 ∧ A8: r2 = k2 + k3 ∧ A9: r1 6= r2 ∧
1 t)
A10: ∀t. A(t) = A0 e(−k
∧


k3
r2 − k3
k3 − r1
A11: ∀t. B(t) = k1 A0
+
e−r2 t +
e−r1 t ∧
r1 r2
r1 (r1 − r2 )
r1 (r1 − r2 )

1
1
1
e−r1 t +
e−r2 t ∧
+
A12: ∀t. C(t) = k1 k2 A0
r1 r2
r1 (r1 − r2 )
r2 (r1 − r2 )
⇒ entities deriv vec [A; B; C] t =
transp (st matrix (rea sch 02 A B C k1 k2 k3 t)) ∗ ∗
flux (rea sch 02 A B C k1 k2 k3 t)
` ∀ A
A1:
A4:
A7:
A9:

Description
 ∗∗: Matrix-vector multiplication
 rea sch 01: Formal model of the given reaction scheme
 transp: Transpose of a matrix
 A1-A2: The kinetic rate constants of all the reactions are
non-negative.
 A3: The denominators of the expressions of B t and C t
are not zero in order to avoid singularities
 A4-A6: These are the initial concentrations of the species
 A7-A9: The concentrations of the species A, B and C at any
time t (solutions of the ODE model)
 Conclusion: It describes the ODE model (Vector Equation) for the given reaction scheme
 rea sch 02: Formal model of the given reaction scheme
 A1-A3: The kinetic rate constants of all the reactions are
non-negative.
 A4-A6: These are the initial concentrations of the species
 A7-A8: These are introduced to simplify the expressions for
the concentrations of the species
 A9: It, along with the first three assumptions (A1-A3),
ensures that the denominators of the expressions for B t
and C t are not zero in order to avoid singularities
 A10-A12: The concentrations of the species A, B and C at
any time t (solutions of the ODE model)
 Conclusion: It describes the ODE model for the given
reaction scheme

B C t k1 k2 k3 .
 rea sch 03: Formal model of the given reaction scheme
0 < k1 ∧ A2: 0 < k2 ∧ A3: 0 < k3 ∧
 A1-A3: The kinetic rate constants of all the reactions are
A(0) = A0 ∧ A5: B(0) = 0 ∧ A6: C(0) = 0 ∧
non-negative.
r1 r2 = k1 k3 ∧ A8: r1 + r2 = k1 + k2 + k3 ∧
 A4-A6: These are the initial concentrations of the species
r1 6= 0 ∧ A10: r2 6= 0 ∧ A11: r1 6= r2 ∧


A0
 A7-A8: These are introduced to simplify the expressions for
A12: ∀t. A(t) =
(k2 + k3 − r1 )e(−r1 t) − (k2 + k3 − r2 )e(−r2 t) ∧
the concentrations of the species
r2 − r1

A0 k1
 A9-A11: The denominators of the expressions of A t, B t
A13: ∀t. B(t) =
e−r1 t − e−r2 t ∧
r2 
− r1

and C t are not zero in order to avoid singularities
k1 k3
k1 k3
 A12-A14: The concentrations of the species A, B and C at
A14: ∀t. C(t) = A0 1 +
e−r1 t +
e−r2 t ∧
r1 (r1 − r2 )
r2 (r2 − r1 )
any time t (solutions of the ODE model)
⇒ entities deriv vec [A; B; C] t =
 Conclusion: It describes the ODE model for the given
transp (st matrix (rea sch 03 A B C k1 k2 k3 t)) ∗ ∗
reaction scheme
flux (rea sch 03 A B C k1 k2 k3 t)
` ∀ A B C t k1 k2 k3 .
A1: 0 < k1 ∧ A2: 0 < k2 ∧ A3: 0 < k3 ∧
 rea sch 04: Formal model of the given reaction scheme
A4: A(0) = A0 ∧ A5: B(0) = 0 ∧ A6: C(0) = 0 ∧
 A1-A3: The kinetic rate constants of all the reactions are
A7: r1 r2 = k2 k3 ∧ A8: r1 + r2 = k1 + k2 + k3 ∧
non-negative.
A9: r1 6= 0 ∧ A10:
∧
 A4-A6: These are the initial concentrations of the species
 r2 6= 0 ∧ A11: r1 6= r2 
k2 − r1 −r1 t k2 − r2 −r2 t
 A7-A8: These are introduced to simplify the expressions for
A12: ∀t. A(t) = A0
e
−
e
∧
the concentrations of the species
r2 − r1
r2 − r1

k1 A0
 A9-A11: The denominators of the expressions of A t, B t
A13: ∀t. B(t) =
e−r1 t − e−r2 t ∧
r2 
− r1
and C t are not zero in order to avoid singularities

k3 (k2 − r1 ) −r1 t k3 (k2 − r2 ) −r2 t
 A12-A14: The concentrations of the species A, B and C at
A14: ∀t. C(t) = A0 1 +
e
+
e
∧
r1 (r1 − r2 )
r2 (r2 − r1 )
any time t (solutions of the ODE model)
⇒ entities deriv vec [A; B; C] t =
 Conclusion: It describes the ODE model for the given
transp (st matrix (rea sch 04 A B C k1 k2 k3 t)) ∗ ∗
reaction scheme
flux (rea sch 04 A B C k1 k2 k3 t)

reactant and product, respectively, whereas k1 is the kinetic rate constant of the

450

reaction. Since any reversible reaction can be written as two irreversible reactions, so

451

the first irreversible reaction has B, C and the forward kinetic reaction constant k2 as

452

the reactant, product and the kinetic rate constant, respectively. Similarly, the

453

parameters C, B and k3 are the reactant, product and kinetic rate constant of the second

454
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irreversible reaction, respectively. We formally model this scheme as a HOL Light

455

function rea sch 02 [66] (Table 5) and then verified the solution for its ODE model

456

given in Table 6 [63].

457

The Consecutive Reactions with the First Step as a Reversible Reaction

458

In this scheme, the first reaction is reversible and the second reaction is irreversible as

459

shown in Fig 3c. The reversible reaction can be equivalently written as two irreversible

460

reactions with k1 and k2 as their kinetic rate constants. In the first irreversible reaction,

461

A and B are the reactant and product, respectively, whereas in the second reaction, B

462

and A are the reactant and product, respectively. For the second step, B, C and k3 are

463

the reactant, product and kinetic rate constant, respectively. The verified solution of

464

the ODE model corresponding to this reaction scheme (rea sch 03 [66], given in

465

Table 5) is given in Table 6.

466

(a)
(b)
(c)
(d)
Fig 3. Reaction Schemes: (a) Irreversible Consecutive Reactions (b) Consecutive Reactions with the Second Step being Reversible
(c) Consecutive Reactions with the First Step as a Reversible Reaction (d) Consecutive Reactions with a Reversible Step
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The Consecutive Reactions with a Reversible Step

467

In this reaction scheme, we consider the consecutive reactions with one reversible and

468

one irreversible reaction step as shown in Fig 3d. The ODE model and solution

469

corresponding to this reaction scheme (rea sch 04 [66], given in Table 5) are given in

470

Table 6.

471

This completes our formal verification of some commonly used reaction schemes.

472

The verification of these solutions requires user interaction but the strength of these

473

theorems lies in the fact that they have been verified for arbitrary values of parameters,

474
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such as k1 and k2 , etc. This is a unique feature of higher-order-logic theorem proving

475

that is not possible in the case of simulation where such continuous expressions are

476

tested for few samples of such parameters. Another important aspect is the explicit

477

presence of all assumptions required to verify the set of ODEs. For example, such

478

assumptions for the above-mentioned reaction schemes are not mentioned in Korobov et

479

al.’s paper [67]. More details about the formalization of all above-mentioned types and

480

functions and the formal verification of all above properties, and its source code can be

481

found on our project’s webpage [63].

482

Case Studies

483

In this section, we use our proposed framework to formally reason about three case

484

studies: In the first, we formally analyse the reaction involving the phosphorylation of

485

TP53 using our formalization of Zsyntax. In the second, we formally derive the time

486

evolution expressions of different tumor cell types, which are used to predict the tumor

487

population and volume at a given time instant, using our formalization of reaction

488

kinetics. In the third, we take another model for the growth of tumor cells and perform

489

both the Zsyntax and reaction kinetic based formal analysis using our proposed

490

formalizations presented in the Result section of the paper.

491

TP53 Phosphorylation

492

TP53 gene encodes p53 protein, which plays a crucial role in regulating the cell cycle of

493

multicellular organisms and works as a tumour suppressor for preventing cancer [13].

494

The pathway leading to TP53 phosphorylation (p(TP53)) is shown in Fig 4a. The

495

green-colored circle represents the desired product, whereas, the blued-colored circles

496

describe the chemical interactions in the pathway. Similarly, each rectangle in Fig 4a

497

contains the total number of molecules at a given time. It can be clearly seen from the

498

figure that whenever a biological reaction results into a product, the reactants get

499

consumed, which satisfies the stoichiometry of a reaction. Now, we present the formal

500

verification of pathway deduction from TP53 to p(TP53) using our formalization of

501

Zsyntax, presented in the last section.

502

In classical Zsyntax format, the reaction of the pathway leading from TP53 to
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503

TP53

TP53

ATP

Kinase

Kinase * ATP

(Kinase * ATP) * TP53

pTP53

Kinase

ADP

(a)
(b)
Fig 4. Case Studies: (a) Reaction Representing the TP53 Phosphorylation (b) Model for the Tumor Growth [20]

p(TP53) [13] can be represented by a theorem as TP53 & ATP & Kinase ` p(TP53).

504

Based on our formalization, it can be defined as follows:

505

Theorem 1. The reaction of the pathway leading from TP53 to p(TP53)
` DISTINCT [TP53; ATP; Kinase; ADP; pTP53] =⇒
zsyn conjun elimin (zsyn deduct [[TP53]; [ATP]; [Kinase]]
[([Kinase; ATP], [[ATP; Kinase]]);
([ATP; Kinase; TP53], [[Kinase]; [pTP53]; [ADP]])]) [pTP53] = [[pTP53]]

In the above theorem, the first argument of the function zsyn deduct represents the

PLOS

506

list of initial aggregate (IA) of molecules that are present at the start of the reaction,

507

whereas the second argument is the list of valid EVFs for this reaction specified in the

508

form of pairs and include the molecules (ATP, Kinase, etc.). These are obtained from

509

wet lab experiments, as reported by Boniolo et al. [13]. We use the HOL Light function

510

DISTINCT to ensure that all molecule variables (from IA and EVFs) used in this

511

theorem represent distinct molecules. Thus, the final list of molecules is deduced under

512
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these particular conditions using the function zsyn deduct. Finally, if the molecule

513

pTP53 is present in the post-reaction list of molecules, it will be obtained after the

514

application of the function zsyn conjun elimin, as previously described. Additionally,

515

in order to automate the verification process, we developed a simplifier

516

Z SYNTAX SIMP [63], which is based on some derived rules and already available HOL

517

Light tactics that simplified the manual reasoning and thus allowed us to formally verify

518

Theorem 1 automatically. It is important to note that formalization of Zsyntax was

519

quite a tedious effort but it took only 6 lines of code for the verification of the theorem

520

of pathway deduction from TP53 to pTP53 in HOL Light, which clearly illustrates the

521

effectiveness of our foundational work.

522

We have shown that our formalization is capable of modeling molecular reactions
using Zsyntax inference rules, i.e., given an IA A and a set of possible EVFs, our

524

proposed framework can derive a final aggregate (FA) B from A automatically. If it

525

fails to deduce B, our formalism still provides all the intermediate steps to the biologist

526

so that he can figure out the possible causes of failures, by carefully examining the

527

intermediate steps of the reaction.

528

Formal Analysis of Tumor Growth based on Cancer Stem Cells (CSC)

529

According to the Cancer Stem Cell (CSC) hypothesis [68], malignant tumors (cancers)

530

are originally initiated by different tumor cells, which have similar physiological

531

characterises as of normal stem cells in the human body. This hypothesis explains that

532

the cancer cell exhibits the ability to self-renew and can also produce different types of

533

differentiated cells. The mathematical and computational modeling of cancers can

534

provide an in-depth understanding and the prediction of required parameters to shape

535

the clinical research and experiments. This can result in efficient planning and

536

therapeutic strategies for accurate patient prognosis. In this paper, we consider a

537

kinetic model of cancer based on the cancer stem cell (CSC) hypothesis, which was

538

recently proposed in Molina-Pena et al.’s paper [20]. In this model, four types of events

539

are considered: 1) CSC self-renewal; 2) maturation of CSCs into P cells; 3)

540

differentiation to D cells; and 4) death of all cell subtypes. All of these types of

541

reactions are driven by different rate constants as shown in Fig 4b.

542

In the following, we provide the possible reactions in the considered model of

PLOS

523

543

25/39

cancer [20]:

544

1. Expansion of CSCs can be accomplished through symmetric division, where one

545

k1

CSC can produce two CSCs, i.e., CSC −−→ 2 CSC.

546

2. A CSC can undergo asymmetric division (whereby one CSC gives rise to another

547

CSC and a more differentiated progenitor (P) cell). This P cell possesses

548

intermediate properties between CSCs and differentiated (D) cells, i.e.,

549

k2

CSC −−→ CSC + P.

550

3. The CSCs can also differentiate to P cells by symmetric division, i.e.,

551

k3

CSC −−→ 2 P.

552

4. The P cells can either self-renew, with a decreased capacity compared to CSCs, or
k

k

they can differentiate to D cells, i.e., P −−4→ 2 P, P −−5→ 2 D.

554

5. All cellular subtypes can undergo cell death (M), i.e.,
k

k

555

k

CSC −−6→ M, P −−7→ M, D −−8→ M.

556

In order to reduce the complexity of the resulting model, only three subtypes of cells
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553

557

are considered: CSCs, transit amplifying progenitor cells (P), and terminally

558

differentiated cells (D) as shown in Fig 4b. This assumption is consistent with several

559

experimental reports [20]. Our main objective is to derive the mathematical expressions,

560

which characterize the time evolution of CSC, P and D. Concretely, the values of these

561

cells should satisfy the set of differential equations that arise in the kinetic model of the

562

proposed tumor growth. Once the expressions of all cell types are known, the total

563

number of tumor cells (N ) in the human body can be computed by the formula

564

N (t) = CSC(t) + P (t) + D(t). Furthermore, the tumor volume (V ) can be calculated by

565

the formula V (t) = 4.18 × 106 N (t), considering that the effective volume contribution of

566

a spherically shaped cell in a spherical tumor (i.e., 4.18 × 10−6 mm3 /cell).

567

We formally model the tumor growth model and verify the time evolution

568

expressions for CSC, P and D that satisfy the general kinetic model. We formally

569

represent this requirement in the following important theorem:

570
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Theorem 2. Time Evolution Verification of Tumor Growth Model
` ∀ k1 k2 k3 k4 k5 k6 k7 CSC P D M t k8 .
A1: ((−k1 + k3 + k4 − k5 + k6 − k7 )(−k1 + k3 + k6 − k8 )(−k4 + k5 + k7 − k8 ) 6= 0) ∧
A2: (k1 − k3 − k4 + k5 − k6 + k7 6= 0) ∧
A3: ∀t. CSC(t) = e(k1 −k3 −k6 ) ∧
A4: ∀t. P(t) =
A5: ∀t. D(t) =

[(e(k1 −k3 −k6 )t −e(k4 −k5 −k7 )t )(k2 +2k3 )]
(k1 −k3 −k4 +k5 −k6 +k7 )
(2e−k8 t (k2 +2k3 )k5

[

∧

(−1+e(k4 −k5 −k7 +k8 )t )k1 +k3 +k4 −k5 +k6 −k7

(−k1 +k3 +k4 −k5 +k6 −k7 )(−k1 +k3 +k6 −k8 )(−k4 +k5 +k7 −k8 )

(2e−k8 t (k2 +2k3 )k5

[

]

+

e(k1 −k3 −k6 +k8 )t (−k4 +k5 +k7 −k8 )+e(k4 −k5 −k7 +k8 )t (−k3 −k6 +k8 )

]

(−k1 +k3 +k4 −k5 +k6 −k7 )(−k1 +k3 +k6 −k8 )(−k4 +k5 +k7 −k8 )

∧

A6: real derivative M(t) = k6 CSC(t) + k7 P(t) + k8 D(t)
⇒ entities deriv vec [CSC; P; D; M] t =
transp (st matrix (tumor growth model CSC P D M k1 k2 k3 k4 k5 k6 k7 k8 t))
∗ ∗ flux (tumor growth model CSC P D M k1 k2 k3 k4 k5 k6 k7 k8 t))
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where the first two assumptions (A1-A2) ensure that the time evolution expressions of P

571

and D do not contain any singularity (i.e., the value at the expression becomes

572

undefined). The next three assumptions (A3-A5) provide the time evolution expressions

573

for CSC, P and D, respectively. The last assumption (A6) is provided to discharge the

574

subgoal characterizing the time-evolution of M (dead cells), which is of no interest and

575

does not impact the overall analysis as confirmed by experimental evidences [20].

576

Finally, the conclusion of Theorem 2 is the equivalent reaction kinetic (ODE) model of

577

the CSC based tumor growth model. To facilitate the verification process of the above

578

theorem, we developed a simplifier, called KINETIC SIMP, which sufficiently reduces the

579

manual reasoning interaction with the theorem prover. After the application of this

580

simplifier, it only takes some arithmetic reasoning to conclude the proof of Theorem 2.

581

More details about the verification process can be found on our project’s webpage [63].

582

The formal verification of the time-evolution of tumor cell types CSC, P and D in

583

Theorem 2 can be easily used to formally derive the total population and volume of

584

tumor cells. The derived time-evolution expression, verified in Theorem 2, can also be

585

used to understand how the overall tumor growth model works. Moreover, potential

586

drugs are usually designed using the variation of the kinetic rate constants, such as

587

k1 , k2 · · · k8 in Theorem 2, to achieve the desired behavior of the overall tumor growth

588
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model and thus Theorem 2 can be utilized to study this behavior formally. On similar

589

lines, the variation of these parameters is used to plan efficient therapeutic strategies for

590

cancer patients and thus the formally verified result of Theorem 2 can aid in accurately

591

performing this task.

592

Combined Zsyntax and Reaction Kinetic based Formal Analysis of the

593

Tumor Growth Model

594

In this section, we consider another model for the growth of tumor cells and formally

595

analyze it using both of our Zsyntax and Reaction kinetics formalizations, presented in

596

the Results section of the paper.

597

Pathway Leading to Death of CSC

598

The pathway leading to death of CSC is shown in Fig 5a. The green-colored circle
represents the desired product, whereas, the blued-colored circles describe the chemical

600

interactions in the pathway. We use our formalization of Zsyntax to deduce this

601

pathway. In the classical Zsyntax format, the reaction of the pathway leading from CSC

602

to its death can be represented by a theorem as CSC & P ` M. Based on our

603

formalization, it can be defined as follows:

604

CSC

CSC

P

k1
P

CSC * P

CSC

Reaction 1

P

Reaction 3

Reaction 2
P

M

(a)

M

k2

CSC

P

k3

M

(b)

Fig 5. Case Studies: (a) Reaction Representing the death of CSC (b) Another Model for
the Growth of Tumor Cell
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Theorem 3. The Reaction of the Pathway Leading from CSC to its Death (M)
` DISTINCT [CSC; P; M] =⇒
zsyn conjun elimin (zsyn deduct [[CSC]; [P]]
[([CSC], [[CSC; P]]);
([CSC; P], [[M]])]) [M] = [[M]]

In the above theorem, the first argument of the function zsyn deduct represents the

605

list of IA of molecules that are present at the start of the reaction, whereas the second

606

argument is the list of valid EVFs for this reaction specified in the form of pairs and

607

include the molecules (CSC, P, etc.). We use the HOL Light function DISTINCT to

608

ensure that all molecule variables (from IA and EVFs) used in this theorem represent

609

distinct molecules. Thus, the final list of molecules is deduced under these particular

610

conditions using the function zsyn deduct. Finally, if the molecule M is present in the

611

post-reaction list of molecules, it will be obtained after the application of the function

612

zsyn conjun elimin. We use the simplifier Z SYNTAX SIMP [63] to formally verify

613

Theorem 3 automatically.

614

Reaction Kinetic based Formal Analysis of a Tumor Growth based on CSC

615

We perform the reaction kinetic based formal analysis of a tumor growth model,

616

which is shown in Fig 5b. In this model, two types of events are considered: 1)

617

maturation of CSCs into P cells; 2) death of all cell subtypes. All of these types of

618

reactions are driven by different rate constants as shown in Fig 5b.

619

In the following, we provide the possible reactions in the considered tumor growth
model:

620

621

1. A CSC can undergo asymmetric division (whereby one CSC gives rise to another

622

k1

CSC and a more differentiated P cell), i.e., CSC −−→ CSC + P.
k

623

k

2. All cellular subtypes can undergo cell death (M), i.e., CSC −−2→ M, P −−3→ M.
In order to reduce the complexity of the resulting model, only two subtypes of cells
are considered: CSCs and transit amplifying progenitor cells (P) as shown in Fig 5b.
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624

625

626

Our main objective is to derive the mathematical expressions, which characterize the

627

time evolution of CSC and P. Concretely, the values of these cells should satisfy the set

628

of differential equations that arise in the kinetic model of the proposed tumor growth.

629

Once the expressions of all cell types are known, the total number of tumor cells (N ) in

630

the human body can be computed by the formula N (t) = CSC(t) + P (t). We formalize

631

the reaction kinetic based tumor growth model and verify the time evolution

632

expressions for CSC and P that satisfy the general kinetic model. We formally represent

633

this requirement in the following HOL Light theorem:

634

Theorem 4. Time Evolution Verification of a Tumor Growth Model
` ∀ k1 k2 k3 CSC P M t.
A1: (k3 − k2 6= 0) ∧
A2: ∀t. CSC(t) = e−k2 ∗t ∧
A3: ∀t. P(t) =

[(k3 −k2 −k1 )e−k3 t +k1 e−k2 t ]
(k3 −k2 )

∧

A4: real derivative M(t) = k2 CSC(t) + k3 P(t)
⇒ entities deriv vec [CSC; P; M] t =
transp (st matrix (tumor growth rk model CSC P M k1 k2 k3 t))
∗ ∗ flux (tumor growth rk model CSC P M k1 k2 k3 t))

PLOS

where the first assumption (A1) ensures that the time evolution expression of P does

635

not contain any singularity. The next two assumptions (A2-A3) provide the time

636

evolution expressions for CSC and P, respectively. The last assumption (A4) is provided

637

to discharge the subgoal characterizing the time-evolution of M (dead cells), which is of

638

no interest and does not impact the overall analysis as confirmed by experimental

639

evidences [20]. Finally, the conclusion of Theorem 4 is the equivalent reaction kinetic

640

(ODE) model of the CSC based tumor growth model. To facilitate the verification

641

process of the above theorem, we use the KINETIC SIMP simplifier, which sufficiently

642

reduces the manual reasoning interaction with the theorem prover. After the application

643

of this simplifier, it only takes some arithmetic reasoning to conclude the proof of

644

Theorem 4. More details about the verification process can be found at [63].

645
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Discussion

646

Most of the existing research related to the formal analysis of the biological systems has

647

been focussed on using model checking. However, this technique suffers from the

648

inherent state-space explosion problem, which limits the scope of this success to systems

649

where the biological entities can acquire only a small set of possible levels. Moreover,

650

the underlying differential equations describing the reaction kinetics are solved using

651

numerical approaches [69], which compromises the precision of the analysis. To the best

652

of our knowledge, our work is the first one to leverage the distinguishing features of

653

interactive theorem proving to reason about the solutions to system biology problems.

654

We consider the concentration of the species of the biological systems in reaction kinetic

655

based formal analysis as a continuous variable. Besides formalizing Zsyntax and the

656

reaction kinetics of commonly used biological pathways, we also formally verified their

657

classical properties. This verification guarantees the soundness and the correctness of

658

our formal definitions. It also enables us to conduct formal analysis of real-world case

659

studies. In order to illustrate the practical effectiveness of our formalization, we

660

presented the automatic Zsyntax based formal analysis of pathway leading to TP53

661

Phosphorylation and a pathway leading to the death of CSCs in the tumor growth

662

model, and reaction kinetics based analysis of the tumor growth model. Our source

663

code is available online [63] and can be used by other biologists and computer scientists

664

for further applications and experimentation.

665

The distinguishing feature of our framework is the ability to deductively reason
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666

about biological systems using both Zsyntax and reaction kinetics. The soundness of

667

interactive theorem proving ensures the correct application of EVFs or the

668

simplification process as there is no risk of human error. The involvement of computers

669

in the formal reasoning process of the proposed approach makes it more scalable than

670

the analysis presented in Boniolo et al.’s and Molina-Pena et al.’s paper [13, 20], which

671

is based on traditional paper-and-pencil based analysis technique. Another key benefit

672

of the reported work is the fact that the assumptions of these formally verified theorems

673

are guaranteed to be complete, due to the soundness of the underlying analysis methods,

674

and thus enables us to get a deep understanding about the conditions and constraints

675

under which a Zsyntax and reaction kinetics based analysis is performed. Also, we have

676
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verified generic theorems with universally quantified variables and thus the analysis

677

covers all possibilities. Similarly, in the case of reaction kinetics based analysis, the

678

theorems have been verified for arbitrary values of parameters, such as k1 and k2 , which

679

is not possible in the case of simulation where these expressions are tested for few

680

samples of such parameters. A major limitation of higher-order logic theorem proving is

681

the manual guidance required in the formal reasoning process. But we have tried to

682

facilitate this process by formally verifying frequently used results, such as,

683

simplification of vector summation manipulation and verification of flux vectors and

684

stoichiometric matrices for each of the reaction schemes, and providing automation

685

where possible. For example, we have developed two simplifiers, namely Z SYNTAX SIMP

686

and KINETIC SIMP, that have been found to be very efficient in automatically

687

simplifying most of the Zsyntax or reaction kinetic related proof goals, respectively. In

688

the first case study, the simplifier Z SYNTAX SIMP allowed us to automatically verify the

689

theorem representing the reaction of the pathway leading to TP53 Phosphorylation.

690

Similarly, in the second case study, i.e., time evolution verification of the tumor growth

691

model, the simplifier KINETIC SIMP significantly reduced the manual interaction and

692

the proof concluded using this simplifier and some straightforward arithmetic reasoning.

693

These simplifiers are also used to automate the verification process of the third case

694

study, i.e., the automatic verification of the theorem representing the reaction of the

695

pathway leading to the death of CSC and a significant simplification of the verification

696

of the theorem representing the time evolution for the growth of the tumor cell.

697

In future, we plan to conduct the sensitivity and steady state analysis [14] of

698

biological networks that is mainly based on reaction kinetics. We also plan to integrate

699

Laplace [70] and Fourier [71] transforms formalization in our framework that can assist

700

in finding analytical solutions of the complicated ODEs.

701
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