This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCAD.2018.2803622, IEEE
Transactions on Computer-Aided Design of Integrated Circuits and Systems
1
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Abstract—Approximate computing is an emerging trend in
hardware and software design that leverages upon the inherent
tolerance for inaccuracy in applications to optimize their power
consumption, latency and area. Due to the widespread usage
of adders in digital hardware designs, numerous approximate
adders, offering various error margins and area, latency and
power constraints, have been proposed. Probabilistic error analysis of these adders holds a significant step in selecting an
appropriate approximate adder for a given application. Traditionally, this analysis has been conducted using Monte-Carlo
simulations or analytical analysis, which do not ascertain a sound
and complete analysis. In order to overcome these limitations, we
propose to use interactive theorem proving for error analysis of
approximate adders. For this purpose, we present a higher-orderlogic formalization of probability distributions and error related
events encountered in approximate adders that comprise of subadder units, based on a probability theory formalization available
in the HOL4 theorem prover. We also propose an algorithm for
analyzing the probability of error as a metric for accurate comparison for high-speed, low-latency approximate adders (LLAA)s
with uniformly distributed inputs. For illustration purposes, we
present the formal error analysis of three of the most widely
acclaimed approximate adders, i.e., ETA-I, ACA-II and GeAr.
Index Terms—Approximate Computing, Adders, Probability
Theory, Higher-order-Logic Theorem Proving, HOL4

I. I NTRODUCTION
Approximate computing [1] is an emerging computing
paradigm that calls for compromising the accuracy to optimize
the performance, area and power consumption of error-resilient
applications [2], [3]. It is widely being advocated these days
for various domains of intensive data computations, including
search engines [4], synthesis [5], cognitive applications [6],
machine learning [7], image processing [8], signal processing
[9], scientific computing [10] and wireless communications
[11]. For example, in multimedia processing, where the final
output is either an image or a video for human sensing,
occasional errors produced by dropping a particular frame or
a minute image quality loss can rarely be noticed due to the
restricted perceptual capability of humans when interpreting
images/videos. Approximate computing has been successfully
applied at all abstraction levels of computer system design,
i.e., hardware [12], software [13] and application levels [14].
In this paper, we mainly focus on the error analysis of
approximate hardware at the circuit level due to the huge cost
associated with an uncaught hardware bug at this design time.
Several approximate adders have been recently proposed as
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they form the basic building blocks of all the basic arithmetic circuits used for addition, subtraction, multiplication
and division. Most of these high-speed, low-latency approximate adders, which comprise of sub-adders, are designed
by overlooking the carry chain and, therefore, permitting
all their sub-adders to perform addition in parallel. In other
words, they mainly predict the value of the carry bit based
on a fewer input bits and thus make carry propagation chain
significantly shorter. Some prominent examples of these highperformance adders include, error tolerant adders (ETAs) [15],
almost correct adder (ACA-I) [16], variable latency speculative adder (VLSA) [16], accuracy configurable adder (ACAII) [17], gracefully-degrading adder (GDA) [18] and generic
accuracy configurable adder (GeAr) [19]. In order to select
an appropriate approximate adder for a given application,
appropriate metrics are taken into consideration for evaluating
the probability of error as well as the efficiency of approximate
adders in terms of area, power and latency.
Traditionally, the error evaluation and comparison for the
above-mentioned approximate adders is done using computer
simulation. For small sized adders, the analysis is done using
exhaustive testing but as the number of bits in adder increases
these simulations become computationally infeasible. This
issue is generally catered for by performing Monte-Carlo simulations but, due to their inherent incompleteness, the analysis
results cannot be completely trusted and all the conditions
under which an error occurs are not explicitly available, which
makes a fair comparison between various approximate adders
almost impossible. To cater for these limitations, approximate
adders have recently been analyzed analytically [20], [21].
This method tends to provide a fair comparison among a wide
range of arbitrary bit approximate adders by providing useful
insights about the relationship between circuit specifications
and error statistics. However, these paper-and-pencil based
methods are prone to human error and require a lot of manual
effort for analyzing large adders.
The above-mentioned inaccuracy limitations of traditional
analysis techniques can be overcome by using formal methods
[22], which are based on constructing a computer based
mathematical model of the given system and formally verifying, within a computer, that this model meets rigorous
specifications of intended behavior. Two of the most commonly used formal verification methods are model checking [23] and higher-order-logic theorem proving [24]. Model
checking is an automatic verification approach for systems
that can be expressed as a finite-state machine. Higher-orderlogic theorem proving, on the other hand, is an interactive
approach but is more flexible in terms of tackling a variety
of systems. Probabilistic model checking [25], [26] has been
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used to conduct the probabilistic analysis of many systems,
e.g., anonymity system [27], real-time systems [28], biological
systems [29], [30] and wireless local area network protocol
[31]. Similarly, higher-order-logic theorem proving has been
successfully used for the precise probabilistic analysis of a
broad range of systems, including combinational circuits [32],
memory arrays [33] and multicore architectures [34].
The foremost foundations for conducting the formal probabilistic analysis of approximate adders include the ability
to model the behavior of error events in approximate adders
using various probability distributions and to be able to
verify large sized adders. Probabilistic model checking is
used to verify Markov chain based models only and suffers
from the state-based explosion problem, i.e., the problem
of exhaustively exploring a large set of states given the
limited amount of computational resources, like memory and
time. On the other hand, higher-order-logic theorem proving
allows us to model any probability distribution based on the
available higher-order-logic formalizations [35], [36], [37], of
probability theory and allows us to verify generic properties
with universally quantified variables based on the principles
of induction. Thus, we believe that the above-mentioned
limitations of analyzing approximate adders using traditional
techniques can be overcome by formally reasoning about the
error relationships of approximate adders in a theorem prover.
This paper utilizes the formalization of probability theory
[35] and principle of inclusion-exclusion [38], available in
the HOL4 theorem prover, to formalize and verify a LLAA
model. Our focus is on analyzing the adders that comprise
of sub-adder units with uniformly distributed inputs and the
formalization of the corresponding error analysis algorithm
[20]. The main motivation for selecting LLAA with subadder units for our analysis is their high-speed and lowlatency characteristics and thus their widespread usage. In
order to illustrate the effectiveness and utilization of the
proposed error analysis approach, we use it to formally verify
the probability of error in ETA-I, ACA-II and GeAr adders,
which are widely used in various applications of approximate
computing. The assumption of uniformly distributed inputs is
used to simplify the reported analysis, which is the first step
towards the formal probabilistic analysis using higher-orderlogic theorem proving. The analysis can be extended for nonuniform distributions as well by considering the distributions
of inputs, pX and pY , and the bit locations for the error.
The rest of the paper is organized out as follows: In Section
II the related work on approximate adders is reviewed. Section
III describes the approximate adder model. In Section IV,
we give a short prologue to the HOL theorem prover and an
overview of the Mhamdi’s formalization of probability theory
[35] to equip the reader with some notation and concepts
that are utilized in the rest of the paper. Section V presents
the proposed HOL formalizations of probability distribution
of inputs and outputs of approximate adders and events that
lead to error in an approximate adder. Section VI provides
the formalization of an error analysis algorithm, including
the formalizations of error in intermediary logical elements
of the approximate adder and the total error occurring in the
output of an approximate adder. In order to demonstrate the

practical usefulness of the proposed methodology, in Section
VII, we present the formal analysis of three of the most widely
acclaimed approximate adders, i.e., ETA-I, ACA-II and GeAr.
Finally, Section VIII concludes the paper and outlines some
future research work.
II. R ELATED W ORK
Considering the safety-critical nature of approximate computing, formal verification techniques have been used for the
accurate error analysis of approximate adders. For example,
SAT solvers have been used for the worst case error analysis
of approximate adders [39], [12]. SAT solvers have been found
to be very efficient in this analysis in terms of performance but
the analysis is only limited to worst case error. The worst-case
error analysis to evaluate and compare approximate adders
does not usually suffice due to its rare occurrence in reality
and thus various probabilistic metrics, like probability of error
[17], [21], [19], [12] and the distribution of error [40], [12], are
often used. Binary decision diagrams (BDDs) have also been
used to obtain the average arithmetic error, worst error, error
rate and average Hamming distance for approximate adders
[39], [41]. The analysis is automatic and the technique has
been successfully used to analyze ACA-II, GDA, ETA and
GeAr. However, as already discussed in Section I, error mainly
occurs in approximate adders with sub-adder units due to a
broken carry chain as it results in a missed addition of the
carry bit, which in turn creates a difference in the output by
an amount equal to the weight of that bit position where the
error occurs. If the error occurs simultaneously in more than
one sub-adder then the error is equal to sum of all the carries
that are discarded. Thus, the metrics, such as accuracy of
information (ACCinf ), accuracy of amplitude (ACCamp ), MSE,
mean error distance (MED) and normalized error distance
(NED), which average different forms of magnitude of error
(absolute error or hamming distance), may not represent a
true judgment about the error as they average over all inputs
that mostly yield the correct result. Thus, for the considered
adders, it is more relevant to use the probability of error
and the probability mass function (PMF) of error value as
performance metrics. Once the PMF of the error is found,
then various other metrics, like MED, MSE, NED etc, can
also be found, if required. With the same motivation, BDDs
have been used for analysing the probability of error [12],
[42] but the approach is not scalable in this context as the
verification becomes more challenging in terms of constructing
the BDDs as the bit-width of adders increases. In this paper,
we propose to overcome this scalability challenge by verifying
generic, universally quantified expressions, for probability of
error using higher-order-logic theorem proving.
III. L OW-L ATENCY A PPROXIMATE A DDERS
One of the foremost design principles of LLAAs is the
fact that the frequency for long carry propagation, i.e., a
carry-out = 1 for every adjacent single-bit adder, is usually
very low. LLAAs exploit this principle by assuming carry
chain truncation at various positions in the given adder and
thus computing the sum of the sub-adders, separated by the
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as Pi and G0i are independent events since they represent
conditions on disjoint groups of bits of the adder inputs. Now,
the probability of error in the complete adder can be modeled
and simplified based on probability theory laws as [20]:
Pr[Error] = Pr [E2 ∨ E3 ∨ ... ∨ EL ] =

L
X

Pr [Ei ]

i=2

−

X

Pr [Ei ∧ Ej ] +

2≤i<j≤L

... + (−1)L Pr

Pr[Ei ∧ Ej ∧ Ek ]−

2≤i<j<k≤L

"
Fig. 1. Low-Latency Approximate Adder
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truncated carry positions, with or without overlapping bits,
in parallel. This parallel execution results in an enhanced
performance. The corresponding probability of error in the
approximate sum (SU Mapprox ) for inputs A and B is:
Pr[Error] = Pr[SU Mapprox 6= A + B]

(1)

For illustration, consider the scenario depicted in Fig. 1. The
main adder is divided into two sub-adders. A sub-adder may
include overlapping bits, also known as repeating bits, which
are used to predict the carry-in for the given sub-adder. For the
considered set of inputs, shown in Fig. 1, the carry generated
in Sub-adder 1 is truncated as the repeating bits of Sub-adder
2, i.e., R2 , are not able to predict the carry-out generated
by the Sub-adder 1 correctly. Thus, for the considered input
combination, the result of the approximate adder would be
incorrect. Thus, it can be observed that an error occurs in a
sub-adder if its repeating bits are in the carry (P ) propagation
mode and the bits before the repeating bits in the previous
sub-adder, i.e., S1 − R2 in the case of the considered example
of Fig. 1, are in the carry-out generation (G0) mode.
The N -bit approximate adder can be generalized as a
composition of L sub-adders such that the ith sub-adder is
a Ri + Si bit adder, where Ri represent the repeating bits
from the previous sub-adder, which are used to predict the
carry for the ith sub-adder, [20] and Si represents the sum
bits for the ith sub-adder. Each sub-adder adds the respective
Ri + Si bits of two operands to find the respective output. In
the case of the first sub-adder, there are no repeating bits, i.e,
R1 = 0 and S1 is equal to length of first sub-adder. Thus,
there is no carry prediction required in the first sub-adder and
the output of the first sub-adder is always precise. Various
approximate adders can be developed, based on this generic
model, by varying the size of sum and repeating bits and the
number of sub-adders. For example, ACA-II [17], GeAr [19]
and ETA-II [15] have the same number of sum and repeating
bits, i.e, Si = Ri , for every sub-adder i, whereas the modified
ETA-II [15] and GDA [18] use different Si and Ri bits for
every sub-adder. Since, an error occurs in a sub-adder due to
the co-occurrence of a carry-out generation event (G0) and a
carry-in propagation (P ) event so the probability of error in the
ith sub-adder can be determined by finding if the prediction
bits, Ri , of the sub-adder i are propagating carry-in (Pi ) and
the previous sub-adders bits are generating carry-out G0i :
Pr[Ei ] = Pr[G0i ∧ Pi ] = Pr[G0i ] Pr[Pi ]

(2)

(3)
We can observe from the above equation that the evaluation
of probability of error of LLAAs mainly depends on the
evaluation of the probability terms involving co-occurring
error events Ei of sub-adders. For illustrating the evaluation
of these probability terms, consider the example given in Fig.
2(a)-(d), where an approximate adder is divided into three
sub-adders, such that R2 = R3 = 3 and S2 = S3 = 4. Error
events occurring in Sub-adder 2 and Sub-adder 3 are not
mutually independent as these events are not based on disjoint
set of input bits. These dependent events can however be
partitioned into mutually independent events, involving the
carry-in propagation (P ), carry-out generation with no carry-in
(G0) or carry-out generation with carry-in equal to one (G1)
events [20]. According to the proposed methodology in [20],
the events are transformed first by replacing all the propagating
events by a single propagation event, such that the new event
imposes the propagation condition on all the bits involved in
individual propagation events of sub-adder error as shown in
Fig. 2(b). Then, all the carry generating events with carry-in =
1 are replaced with G1 and carry generating events with carryin = 0 are replaced with the G0 event. Thus, in the example,
depicted in Fig. 2, there is a carry-out at the 3rd bit position
due to G02 and there was no carry-in at the 0th bit so the
event for bit locations 0-3 can be represented as a G0 event.
Next bits are propagating the carry so there will be a carry-out
at the 6th bit. This acts as the carry-in for the 7th bit and there
will be a carry-out at the 7th bit position since it is a carry
generating event. This event can be replaced by a G1 event
as shown in Fig. 2(c). Thus, the joint event (E2 ∧ E3 ∧ E4 )
becomes (P ∧ G0 ∧ G1), where G0 = G02 , as shown in Fig.
2(d). Since these new events are now defined on a disjoint sets
of input bits so they are mutually independent:
Pr[E2 ∧ E3 ∧ E4 ] = Pr[P ∧ G0 ∧ G1]
= Pr[P ] Pr[G0] Pr[G1]

(4)

Just like this example, other probability terms of Eq. 3 can
also be determined to assess the probability of error of the
complete adder. In this paper, we propose to use interactive
theorem proving for the evaluation of this error, we present
formalization of the adder model and the error analysis method
in the next sections, respectively.
IV. I NTERACTIVE T HEOREM P ROVING
Theorem proving [24] is a widely used formal verification
technique. The system that needs to be analysed is mathe-
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TABLE I
HOL S YMBOLS AND F UNCTIONS

Fig. 2. Transformation

matically modelled in an appropriate logic and the properties
of interest are verified using computer based formal tools.
The use of formal logics as a modelling medium makes
theorem proving a very flexible verification technique as it is
possible to formally verify any system that can be described
mathematically. The core of theorem provers usually consists
of some well-known axioms and primitive inference rules.
Soundness is assured as every new theorem must be created
from these or already proved theorems.
The verification effort of a theorem in a theorem prover
varies from trivial to complex depending on the underlying
logic. For example, first-order logic utilizes the propositional
calculus and terms (constants, function names and free variables) and is semi-decidable. A number of sound and complete
first-order logic automated reasoners are available that enable
completely automated proofs. More expressive logics, such
as higher-order logic, can be used to model a wider range
of problems than first-order logic, but theorem proving for
these logics cannot be fully automated and thus involves user
interaction to guide the proof tools. For error analysis of
approximate adders, we need to formalize (mathematically
model) random variables as functions and their distribution
properties are verified by quantifying over random variable
functions. Henceforth, first-order logic does not support such
formalization and we need to use higher-order logic to formalize the foundations of error analysis of approximate adders.
We utilized the HOL4 theories of Booleans, lists, sets,
positive integers, real numbers, measure and probability in
our work. In fact, one of the primary motivations of selecting
the HOL4 theorem prover for our work was to benefit from
these built-in mathematical theories. Table I provides the
mathematical interpretations of some frequently used HOL4
symbols and functions, which are inherited from existing
HOL4 theories, in this paper.
A. Probability Theory and Random Variables in HOL
Mathematically, a measure space is defined as a triple
(Ω, Σ, µ), where Ω is a set, called the sample space, Σ represents a σ-algebra of subsets of Ω, where the subsets are usually
referred to as measurable sets, and µ is a measure with domain

HOL Symbol
∧
∨
λx.t
∀x.t
¬
SUC n
::
++
[]
HD L
TL L
MEM a L
FST
SND
sum

Standard Symbol
and
or
λx.t
∀x.t
not
n+1
cons
append
[]
head
tail
member
FST (a, b) = a
SND (a,
Pb) = b

Meaning
Logical and
Logical or
Function that maps x to t(x)
For all x : t
Logical negation
Successor of a num
Adds a new element to a list
Joins two lists together
Empty list
Head element of list L
Tail of list L
True if a is a member of list L
First component of a pair
Second component of a pair
Summation

Σ. A probability space is a measure space (Ω, Σ, P r), such
that the measure, referred to as the probability and denoted
by P r, of the sample space is 1. In Mhamdi’s formalization
of probability theory [36], given a probability space p, the
functions space and subsets return the corresponding
Ω and Σ, respectively. This formalization also includes the
formal verification of some of the most widely used probability
axioms, which play a pivotal role in formal reasoning about
approximate adders.
V. F ORMALIZATION OF P ROBABILITY D ISTRIBUTIONS
AND E VENTS
A. Probability Distributions for Inputs and Outputs
Just like regular adders, approximate adders are used to
compute the sum of two inputs. Since all the input combinations are equally likely to occur so it can be fairly assumed
that the inputs are uniformly distributed. We formalized the
uniform distribution in HOL4 as follows:
Definition 1. Uniform_pmf p n X x =
∀n X x.pmf p X x= if(x≤(n-1)) then 1/n else 0

The HOL4 function, pmf , used in above definition represents
the probability mass function (PMF) and is defined as the
probability of the event { = }.

X x

fX (x) = P r(X = x) = P r({s ∈ S : X(s) = x})

(5)

Where S is the sample space. To facilitate the reader in
understanding the rest of the paper, some of the commonly
used HOL functions and assumptions, used in this work, are
presented in Table II. Now, the PMF can be formalized as:
Definition 2. pmf p X x=distribution p X {y | y= x}

The function pmf accepts a probability space p, a random
variable
: → N and :N. It returns a real number that
represents the probability distribution of the .
As discussed in Section III, the inputs of a LLAA are
divided in L sub-adders. If the random variables X and Y
represent the inputs of a sub-adder with n-bits then X and Y
are both uniformly distributed between 0 and 2n − 1:

X

x

X
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Uniform_pmf p 2n Y t) ⇒
( pmf p (λs . X s + Y s) k) =
( if ( k ≤ (2n -1) )
then ((k+1)/((2n )2 ))
else if ( k ≤ (2 * 2n ) - 2)
then((2 * 2n - k - 1)/(2n )2 ) else 0)

TABLE II
C OMMONLY USED P ROBABILITY F UNCTIONS
HOL Functions
Formalization
p space p
∀ l t m. indep p
PREIMAGE X {l}
PREIMAGE Y {t}
Uniform pmf p m X l
G0 EVENT X Y n
G1 EVENT X Y n
P EVENT X Y n
big inter p L
CARD t
BIGINTER t
sum set s f
big inter p L
PREIMAGE f s

Explanation
probability space p
Two sub-adder inputs X and Y are
independent for all integers
Sub-adder input X is uniformly distributed
Event when sum of n-bit inputs X & Y
cannot be accommodated in n-bits
Event when sum of n-bit inputs X & Y and
carry-in cannot be accommodated in n-bits
Event when sum of n-bit inputs
X and Y propagate carry
Function returns intersection
of all the elements of list L
Return the number of elements of the set t
Return the intersection of all
the elements of the given set t
Recursively sums the return values of the
function f , applied on each element of the set s
Return the intersection of all the
elements of the given list L
Returns a set which is the domain of the
function f operating on a given range set s.

The proof of Theorem 2 is primarily based on the convolution
of probability distributions, which we formalized in HOL4 as
Lemma 1 and the auto convolution of uniformly distributed
random variables, which we formalized as Lemma 2.
Lemma 1. ∀ p X Y. prob_space p ∧
(∀ k t. indep
p (PREIMAGE X {k}) (PREIMAGE Y {t}) ⇒
∀z. pmf p ( λs . X s + Y s ) (z) =
sum(0,SUC z)(λx.pmf p X x * pmf p Y (z-x))

The first two assumptions of the above lemma ensure that
the events generated by the random variables, X and Y , are
independent in the probability space p. Lemma 1 is primarily
verified based on the following lemma according to which the
event corresponding to the sum of random variables, X and
Y , can be expressed as the union of disjoint events:
∀ X Y k. {s | X s + Y s IN {k}} =
BIGUNION (IMAGE (λi.{x|x IN {x|X x IN {i}}
∧ x IN {x|Y x IN {k - i}}}) { i|i ≤ k})


 1 , for 0 ≤ k ≤ 2n − 1
pX (k; n) = pY (k; n) = 2n
0,
otherwise

(6)

Which can be formalized in HOL4 as follows:
Theorem 1. ∀ p X k x n . prob_space p ∧
PREIMAGE X {k} IN events p ∧
Uniform_pmf p m X x ⇒
if ( k ≤ (2n -1)
then (prob p (PREIMAGE X {k}) = 1/2n )
else (prob p (PREIMAGE X {k}) = 0) )

The function PREIMAGE takes two arguments, a function
f and a set s, and returns a set, which is the domain of the
function f operating on a given range set s. Assuming that the
two sub-adder inputs X and Y are independent, we can verify
that the PMF of their sum, Z = X + Y , is the convolution
of their corresponding PMFs. Moreover, since both random
variables are uniformly distributed between 0 and 2n − 1 so
the PMF of their sum can be verified to be equal to the auto
convolution of the uniform distribution, which in turn is equal
to the triangular distribution:
pZ (k; n) = pX (k) ∗ pY (k)
(7a)

k
+
1


0 ≤ k ≤ 2n − 1
 22n ,

n+1
−k−1
pZ (k; n) = 2
, 2n − 1 < k ≤ 2n+1 − 2

2n

2


0,
otherwise
(7b)
We formalized it in HOL4 as follows:
Theorem 2. ∀ p X Y k. prob_space p ∧
(∀ l t. indep
p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
Uniform_pmf p 2n X l ∧

We verified that the auto convolution of the Uniform random variable exhibits the triangular distribution in HOL4 as
follows, which was in turn used to verify Theorem 2.
Lemma 2. ∀ p X Y k m.prob_space p ∧ (m > 0) ∧
(∀ l t. indep
p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
Uniform_pmf p 2n X l ∧
Uniform_pmf p 2n Y t) ⇒
( pmf p (λs . X s + Y s) k) =
( if ( k ≤ (m-1) ) then ((k+1)/(m2 ))
else if ( k ≤ (2 * m) - 2)
then ((2 * m - k - 1)/(m2 )) else 0)

B. Formalization of Error Related Events
As discussed in Section III, a LLAA involves three possible
events, i.e., carry propagation (P ), carry generation with no
input carry (G0) and carry generation with input carry (G1).
1) Propagation Event: Propagation event, P , is formalized
by using the fact that the carry-in is propagated by an n-bit
addition only when all n single bit adders of this adder are
in the propagating mode. This happens when the bits in every
single bit addition are unequal. Under these conditions, the
carry-out of the sub-adder will be equal to its carry-in and the
sum will be exactly equal to 2n − 1:
Definition 3. P_EVENT X Y n =
PREIMAGE (λs. X s + Y s) { y | y = 2n -1 }

The probability of the propagation event can be verified:
Pr[P ] = pZ (2n − 1) =

1
2n

(8)

Theorem 3. ∀ p X Y n.prob_space p ∧
(∀ l t. indep
p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
Uniform_pmf p 2n X l ∧
Uniform_pmf p 2n Y t) ⇒
( prob p (P_EVENT X Y n) ) = 1/2n )
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The verification of Theorem 3 is based on Theorem 1 and
Lemmas 1 and 2.
2) G0 Event: A carry-out in an n-bit addition, with a carryin = 0, is generated when the value of the sum cannot be
accommodated in n bits, which means that the value of the
sum has to be greater than 2n − 1, which we formalized as:
Definition 4. G0_EVENT X Y n =
PREIMAGE (λs. X s + Y s) { y | y > 2n -1 }

Pr[G0] = Pr[Z > 2 − 1] =

2n+1
X−2

pZ (k)

k=2n

=

2n+1
X−2
k=2n

Pr[G1] = Pr[Z + 1 > 2n − 1] = P r[Z > 2n − 2]
=

2n+1
X−2

n+1

pZ (k) =

k=2n −1

2X
−2 n+1
2
−k−1
1
+
2n
2n
2
n
k=2

1
2n − 1
= n + n+1
2
2

(11)

Theorem 5. ∀ p X Y n.prob_space p ∧
(∀ l t. indep
p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
Uniform_pmf p 2n X l ∧
Uniform_pmf p 2n Y t) ⇒
( prob p (G1_EVENT X Y n) ) =
(1 / 2n ) + ( (2n - 1) / (2n+1 ) )

The probability of G0 event is as follows:

n

The probability of the G1 event can be found as follows:

(9)
The above theorem is verified by using Theorem 1 and
Lemmas 1, 2 and 3.

2n − 1
2n+1 − k − 1
= n+1
2n
2
2

VI. F ORMALIZATION OF E RROR A NALYSIS A LGORITHM
Theorem 4. ∀ p X Y n.prob_space p ∧
(∀ l t. indep
p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
Uniform_pmf p 2n X l ∧
Uniform_pmf p 2n Y t) ⇒
prob p (G0_EVENT X Y n) = (2n -1)/(2n+1 )

The proof of Theorem 4 primarily utilizes Theorem 1, Lemmas
1 and 2 and the following lemma according to which the
probability that the sum takes a value greater than g − 1 can
be equated as summation of PMFs of all the events for which
sum is greater than g − 1, i.e., the Survival function of sum:

Pr[Z > g − 1] =

2n+1
X−2

pZ (k)

g < 2n+1 − 2

(10)

k=g

We formalized the survival function in HOL4 as follows:
Lemma 3. ∀ p X Y g n. prob_space p ∧
(∀ l t. indep
p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
Uniform_pmf p 2n X l ∧
Uniform_pmf p 2n Y t) ∧
(g > 0) ∧ (g ≤ (2 * 2n - 1) ⇒
distribution p (λs. X s + Y s )
{y | (y >( g - 1) )} =
sum ( g, ((2 * 2n - 2) + 1 - g) )
(λj. prob p {x | X x + Y x IN {j}})

We verified the above lemma by splitting the event y > g − 1
into two sub-events, i.e., g − 1 < y ≤ 2 ∗ 2n − 2 and y >
2 ∗ 2n − 2 since the probability of the sum for y > 2 ∗ 2n − 2
can be verified to be equal to 0.
3) G1 Event: Just like G0, the event G1 happens when the
sum of two n-bit inputs, while considering carry-in = 1, is
greater than 2n − 1, we formalized it in HOL4 as follows:
Definition 5. G1_EVENT X Y n =
PREIMAGE (λs. X s + Y s + 1) {y| y > 2n -1}

The result of an approximate adder becomes erroneous
when an error occurs in any one of the sub-adders. Thus,
the first step in the formal modeling of error in a LLAA is
to model the error in one of its sub-adders. As explained in
Section III, an error occurs in sub-adder i when its generation
and propagation events occur simultaneously, i.e., (G0i ∧ Pi ).
This error event in a single sub-adder can be formalized by
having an intersection between the G0 and P events. We
propose to capture the G0 and P events based on a pair of
bit locations of the occurrence of these events. Considering
the example shown in Fig. 2(a) and taking S2 = S3 = s,
R2 = R3 = r and S1 = r + s, we can observe that the end of
G02 event for the 2nd sub-adder occurs at bit position s, the
end of event G03 for the 3rd sub-adder occur at bit position
s + s and the end of event G04 for the 4th sub-adder occurs
at bit position s + s + s. Thus, the position of the end of the
G0i event for the Sub-adder i can be generalized as (i − 1)s,
representing the first element of pair. Similarly, it can also be
seen that for every ith sub-adder, the propagation event starts
from the end of the generation event and ends at bit location
(i − 1)s + r, representing the second element of pair. Thus,
we formalized the error event in the ith sub-adder as follows:
Definition 6. sub_adder_error p X Y i s r =
big_inter p (pairs_to_sum_events X Y
[((i-1)*s,(i-1)*s + r)])

Where p represent the probability space and X and Y are
random variables that model the inputs to the given sub-adder.
In order to make the function generic, instead of considering
just one pair for G0 and P events of sub-adder, we considered
a list of such pairs because errors can simultaneously occur
in more than one sub-adder, which may lead to more than
one generation and propagation events, as discussed in Section
III. The function pairs to sum events converts the list of
pairs to the corresponding events, as shown in Fig. 2(f), and
is formalized in HOL4 as follows:
Definition 7. pairs_to_sum_events X Y L list) =
( [(G0_EVENT X Y (FST (HD (L:(num#num))));
(P_EVENT X Y ((SND (HD L))-(FST (HD L))))] ++
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(pairs_to_sum_events_helper X Y (SND (HD L))
(TL L)))
pairs_to_sum_events_helper X Y lv [] = [] ∧
(pairs_to_sum_events_helper X Y lv
(h::(t:(num#num) list)) =
([ G1_EVENT X Y ((FST h) - lv) ;
P_EVENT X Y ((SND h) - (FST h))] ++
(pairs_to_sum_events_helper X Y (SND h) t)))

Where the functions F ST and SN D return the first and
second components of their argument pairs, respectively. The
function pairs to sum events accepts the list of pairs, L,
and generates the corresponding P , G0 and G1 events by
considering that the first element of every pair represents the
bit locations of end of a generation event and the second
element represents the end of the propagation event. It utilizes
our formalization of P , G0 and G1 events, given in Definitions
3-5, which require the number of bits which generate or
propagate carry. The number of bits that generate a carry can
be found by calculating the difference between the bit location
of end of the generation event and the bit location of end of the
previous propagation event, (F ST h) − lv, where the variable
lv in the function pairs to sum events helper represents
the bit location where the previous propagation event ends.
Similarly, the number of bits that propagate carry can be found
by computing the difference between the bit location of the
end of the propagation event and the end of the generation
event, (SN D h) − (F ST h).
Now, we utilize the error function in a single adder to form
a list of error events in all the sub-adders of the given LLAA:
Definition 8. (List_sub_adder_errors
p X Y 0 s r=[]) ∧
(List_sub_adder_errors p X Y (SUC l) s r =
(if (l = 1)
then [sub_adder_error p X Y (SUC l) s r]
else List_sub_adder_errors p X Y l s r ++
[(sub_adder_error p X Y (SUC l) s r )]))

In this function, l represents the number of sub-adders and
s + r represents the number of bits per sub-adder, where r
are the bits used to predict carry, i.e, repeating bits, and s
represents the rest of the bits of the sub-adder. The function,
List sub adder errors recursively provides a list of error
events corresponding to all sub-adders in the given sub-adder
except the first one, since the output of Sub-adder 1 is always
accurate as there is no carry prediction involved.
The next step is to formalize the probability terms, given
in the right hand side of Eq. 3, that involve the intersection
of error events, corresponding to the co-occurring errors in
sub-adders.
Definition 9. inter_lists_pairs p X Y =
∀ L1 L2.((SND (LAST L1)) ≤ (SND (HD L2))) ⇒
( ((big_inter p (pairs_to_sum_events X Y L1))
∩ (big_inter p (pairs_to_sum_events X Y L2)) )
= (big_inter p (pairs_to_sum_events X Y
(inter_lists_pairs_helper L1 L2))))
(inter_lists_pairs_helper [] (h2::t2) =
([h2] ++ t2 )) ∧
(inter_lists_pairs_helper h1::t1 h2::t2 =
if (FST h2) ≤ (SND h1) then
if (FST h2) > (FST h1) then
([((FST h1),(SND h2))] ++ t2)

else ([h2]++t2))
else
(h1 :: inter_lists_pairs_helper t h2::t2))))

The above functions are used to perform the intersection in a
recursive manner by considering the intersection of two events
at a time. As depicted in Fig. 2(a), for the intersection E2 ∧
E3 ∧ E4 , the bit location of the end of the propagation event
of every ith error event is greater than the previous error event
or the result of intersection of the previous error events. We
used this result to model the process depicted in Fig. 2(b-d) to
form a generic method for modeling the intersection of events
corresponding to sub-adders.
As given in Eq. 3, the error in the overall adder can be
modeled by performing union of all the sub-adder error events.
Definition 10. ERROR p X Y l su r =
union_list
(List_sub_adder_errors p X Y l su r)

Based on the above-mentioned formalization of error in a
LLAA, we now formally verify Eq. 3 as:

Pr(

n
[

i=1

Ei ) =

X

(−1)|t|+1 Pr

t16={},t⊆{1,2,...,n}

\

Ej .

(12)

j∈t

Theorem 6. ∀ p X Y su r l. p_space p ∧
(∀ x.MEM x
(List_sub_adder_errors p X Y l su r) ⇒
x IN events p) ⇒
prob p( ERROR p X Y l su r ) =
sum_set {t | t SUBSET
(set (List_sub_adder_errors p X Y l su r)) ∧
¬(t = {})} (λt. (- &1) pow (CARD t + 1) *
(prob p(BIGINTER t)))

The proof of this theorem is primarily based on probabilistic
Inclusion-Exclusion principle [38]. Theorem 6 plays a vital
role in facilitating the formal reasoning about probability of
error relationships for LLAA as shown in the next section.
Moreover, Theorem 6 also raises the confidence level of our
formal modeling, described in this and the last section.
VII. C ASE S TUDIES
We now present the formal error analysis of three widely
acclaimed approximate adders, i.e., ACA-II, ETA-I and GeAr.
A. Almost-Correct Adders II (ACA-II)
Almost-correct adders (ACA) [17] trade speed against
accuracy to overcome the theoretical limitations of precise
adders. They are known to produce acceptable results for
many engineering applications by using adders with limited
carry-propagation lengths, which eventually results in a decreased critical path delay. Our proposed formal adder model
can be configured to represent the ACA-II adder by setting
S2 = S3 = ... = SL = S = k, R2 = R3 = ... = RL = R = k
and S1 = 2k. For 3 sub-adders, the probability of error for
ACA-II can be defined as follows:
Pr[Error; k] = Pr[E2 ∨ E3 ]
= Pr[E2 ] + Pr[E3 ] − Pr[E2 ∧ E3 ]

(13)
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For uniformly distributed inputs, Pr[Error] becomes:
1 22k − 1
1 23k − 1
1 2k − 1
+ k 2k+1 + k 3k+1
k
k+1
2 2
2 2
2 2


1 22k − 1
1 2k − 1 2k − 1
1
1 2k − 1
+ k
− 2k k+1 − 2k 2k+1 − 2k k+1
2 2
2 2
2 2
2k+1
2
k
1 2 −1
+ 3k k+1
2 2
(19)

Pr[Error; k] =

B. Error Tolerant Adder-I (ETA-I)
The Error Tolerant Adder-I (ETA-I) [15] provides a significant improvement in the power and speed by compromising
accuracy. The proposed LLAA model can be configured to
represent the ETA-I adder by setting S2 = S, R2 = R and
S1 = S + R. The probability of error in ETA-I becomes:

Fig. 3. (a) Probability of Error in Sub-adder 2, (b) Probability of Error in
Sub-adder 3, (c) Probability of simultaneously occurring Error Events in Subadder 2 and 3

Pr[Error; k] = Pr[E2 ] = Pr[P2 ∧ G02 ]
(20)
= Pr[P ; S, S + R − 1] Pr[G0; 0, S − 1]
Pr[Error; k] =

Now the probability of error can be expressed as:
Pr[Error; k] = Pr[P2 ∧ G02 ] + Pr[P3 ∧ G03 ]
− Pr[P2 ∧ G02 ∧ P3 ∧ G03 ]

(14)

As shown in Fig. 3, this probability can be computed as:
Pr[Error; k] = Pr[P ; k, 2k − 1] Pr[G0; 0, k − 1]
+ Pr[P ; 2k, 3k − 1] Pr[G0; 0, 2k − 1]
− Pr[P ; k, 3k − 1] Pr[G0; 0, k − 1]

(15)

where Pr[P ] and Pr[G0] can be found using Eqs. (8) and (9),
respectively, to obtain

Pr[Error; k] =

(16)
Similarly, an equivalent expression for Pr[Error] can be
derived for the ACA-II adder with four sub-adders,
(17)

The transformation of dependent events into equivalent independent events for the intersection terms can be evaluated by
using the algorithm mentioned in Section VI:
Pr[Error; k] = Pr[P ; k, 2k − 1] Pr[G0; 0, k − 1]
+ Pr[P ; 2k, 3k − 1] Pr[G0; 0, 2k − 1]
+ Pr[P ; 3k, 4k − 1] Pr[G0; 0, 3k − 1]
− Pr[P ; k, 3k − 1] Pr[G0; 0, k − 1]
− Pr[P ; 2k, 4k − 1] Pr[G0; 0, 2k − 1]
− (Pr[P ; 3k, 4k − 1] Pr[G0; 2, 3k − 1]
∗ Pr[P ; k, 2k − 1] Pr[G0; 0, k − 1])
+ Pr[P ; k, 4k − 1] Pr[G0; 0, k − 1]

(18)

(21)

C. Generic Accuracy Configurable (GeAr)
error events in all the sub-adders
Generic Accuracy Configurable (GeAr) [19] is also a class
of LLAA that provides a large number of potential configurations compared to other state-of-the-art approximate adders,
thus enabling a high degree of flexibility and trade-off between
performance and output quality. Our error model can be used
to represent the GeAr adder by considering R2 = R3 = ... =
RL = R, S2 = S3 = ... = SL = S and S1 = S + R. In
the GeAr model, all the sub-adders are of the same size but
R and S may or may not be equal. For three sub-adders, the
general expression for probability of error can be given by:
Pr[Error] = Pr[E2 ] + Pr[E3 ] − Pr[E2 ∧ E3 ]

1 2k − 1
1 22k − 1
1 2k − 1
+
−
2k 2k+1
2k 22k+1
22k 2k+1

Pr[Error] = Pr[E2 ] + Pr[E3 ] + Pr[E4 ]
− Pr[E2 ∧ E3 ] − Pr[E3 ∧ E4 ]
− Pr[E2 ∧ E4 ] + Pr[E2 ∧ E3 ∧ E4 ]

1 2S − 1
2R 2S+1

(22)

Since R and S may or may not be equal, the analysis of the
3 sub-adders is divided into two cases, i.e., R ≥ S and R <
S. The probability of error for the first case, i.e., R ≥ S, is:
Pr[Error; S, R] = Pr[P ; S, S + R − 1] Pr[G0; 0, S − 1]
+ Pr[P ; 2S, 2S + R − 1] Pr[G0; 0, 2S − 1]
− Pr[P ; S, 2S + R − 1] Pr[G0; 0, S − 1]
(23)
For uniformly distributed inputs, Pr[Error] becomes a function of S and R:
1 2S − 1
1 22S − 1
Pr[Error; S, R] = R S+1 + R 2S+1
2 2
2 2
(24)
1 2S − 1
− S+R S+1
2
2
Similarly for R < S,
Pr[Error; S, R] = Pr[P ; S, S + R − 1] Pr[G0; 0, S − 1]
+ Pr[P ; 2S, 2S + R − 1] Pr[G0; 0, 2S − 1]
− Pr[P ; S, S + R − 1] Pr[G0; 0, S − 1]
× Pr[P ; 2S, 2S + R − 1] Pr[G1; S + R, 2S − 1]
(25)
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Fig. 4. Probability of error in 3 sub-adders ACA-II

For uniformly distributed inputs, Pr[Error]:
S

2S

1 2 −1
1 2 −1
+ R 2S+1
R
S+1
2 2
2 2
 (26)
1
1 2S − 1 2S−R − 1
+
− 2R S+1
2
2
2S−R+1
2S−R

Pr[Error; S, R] =

D. Formal Error Analysis using Theorem Proving
Now, we verify the above-mentioned error relationships for
ACA-II, ETA-I and GeAr using the proposed formalization in
HOL4. The probability of Error in ACA-II can be verified as:
Theorem 7. ∀ p X Y k. p_space p ∧ (∀ l t m.
indep p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
(Uniform_pmf p m X l) ∧
(Uniform_pmf p m Y t) ) ∧
mutual_indep_sum_events p X Y ∧
inter_lists_pairs p X Y ∧
(k > 0) ⇒
( prob p (ERROR p X Y 3 k k) =
((1/2k ) ∗ ((2k − 1)/(2k+1 )) +
(1/2k ) ∗ ((22∗k − 1)/(22∗k+1 )) (1/22∗k ) ∗ ((2k − 1)/(2k+1 )) ))

The first assumption ensures that p is a valid probability
space and the second one ensures that both random variables
are independent of each other and are uniformly distributed in
probability space p. The next assumption ensures that the error
events are mutually independent of each other and is defined
as:
Definition 11. mutual_indep_sum_events p X Y =
(∀(L:(num # num) list). (sorted_list_pairs L )
⇒ prob p
(big_inter p (pairs_to_sum_events X Y L) =
(list_prod (list_prob p
(pairs_to_sum_events X Y L)))) )

According to the above function, two random variables are mutual independent for all list of pairs for which the pairs appear

in the sorted form using the function sorted list pairs. This
function, given below, recursively ensures that every second
element of a pair (bit location of end of propagation event),
in the given list, is greater than its first element (bit location
of end of generation event) and every first element of a pair
is greater than the second element of the last pair in the list:
Definition 12. (sorted_list_pairs [] = F ) ∧
( sorted_list_pairs (h::t) =
(((FST h) < (SND h) ) ∧
(sorted_list_pairs_helper t (SND h))) )
(sorted_list_pairs_helper [] c = T ) ∧
(sorted_list_pairs_helper (h::t) c =
((c < (FST h)) ∧ ((FST h) < (SND h)) ∧
(sorted_list_pairs_helper t (SND h))))

The function inter lists pairs in the second last assumption is used to find the intersection of events when two or
more events occur simultaneously on the same group of bits
of the adder inputs. The last assumption of Theorem 7 ensures
that the number of sum and repeating bits, k , are greater than
zero. The conclusion of the theorem represents the probability
of error in an approximate adder of 3 sub-adders as given in
Eq. (16). Theorem 7 is verified by using Definitions 3, 4, 5
and the following lemma:
Lemma 4. ∀ p X Y k. p_space p ∧
(∀u. PREIMAGE (λs. X s + Y s) {u} IN events p)
∧ mutual_indep_sum_events p X Y ∧
inter_lists_pairs p X Y ∧ (k > 0) ⇒
( prob p (ERROR p X Y 3 k k) =
( prob p (G0_EVENT X Y k) *
prob p (P_EVENT X Y k) +
prob p (G0_EVENT X Y (2 * k)) *
prob p (P_EVENT X Y k) prob p (G0_EVENT X Y k) *
prob p (P_EVENT X Y (2 * k)) ) )

Which shows that the probability of error in ACA-II can
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be represented as a product of probability of error events
as shown in Eq. (15). Lemma 4 is mainly verified using
definitions and theorems from Section V and Section VI and
the Definition 11. Fig. 4 illustrates the main steps that led
us to prove Theorem 7. The first step is to formalize the
probability of error in an approximate adder according to
it’s design, number of sub-adders and number of bits in a
sub-adders. In the next step, we evaluate the probability of
error in terms of union of sub-adder errors and then applying
inclusion-exclusion principle. Next, we propose to verify the
probability of error for the joint probability terms, by using
the proposed algorithm to transform these joint probabilities
into the corresponding products of probabilities of independent
carry-in propagation and carry-out generation events. On the
other hand, when all the events are independent, then the
theorems proved for probability of events can be used to find
the exact probability of error in the approximate adder. It
is important to note that these steps are generic enough to
be applicable for the analysis of any approximate adder that
consists of sub-adders, irrespective of its number of sub-adders
or bits, with uniformly distributed inputs as can be seen in Fig.
4 (3 sub-adders ACA-II) and Fig. 5 (4 sub-adders ACA-II).
Similarly, Eqs. (19), (21), (24) and (26) have also been verified in HOL4 and all the verification results are summarized
in Table III. The theorems, presented in Table III, are verified
based on the assumptions that the uniform random variables
X and Y , which represent the inputs for the sub-adders, are
independent and also fulfil the conditions given in the function
inter list pairs function, given in Definition 9.
To facilitate the reasoning process about the theorems, given
in Table III, we also verified the property that if both the lists
of pairs are not empty then the intersection of two sorted lists
of pairs will also return a sorted list of pairs.
Theorem 8. ∀ (L1:(num # num) list) L2.
( ¬NULL(L1) ∧ ¬NULL(L2) ) ⇒
( ((sorted_list_pairs L1) ∧
(sorted_list_pairs L2)) ⇒
sorted_list_pairs(algo_inter_pairs L1 L2))

Similarly, another commonly used result for the verification
of theorems of Table III is the fact that if the event X + Y
is in event space p then all the sub-adder error events are also
in event space p.
Theorem 9. ∀ p X Y n su r. p_space p ∧
(∀u. PREIMAGE (λs. X s + Y s) {u} IN events p)
⇒ (sub_adder_error p X Y n su r) IN events p

The verification for all the theorems, given in Table III, is
based on Theorems 6-9 and some basic arithmetic reasoning.
The distinguishing features of the theorems, presented in
Table III, compared to traditional analysis methods, include
their generic nature, in terms of universally quantified variables, and the added guarantee of their correctness, due to
the involvement of a sound theorem proving tool for their
verification. All the theorems use universally quantifiers for
variables, k, su or r and thus each sub-adder can have
any number of bits. Thus, the formally verified expressions
hold for any values of these variables, which is clearly a
distinguishing feature compared to simulation based analysis,
which is quite limited for analyzing large adders.

Fig. 5. Probability of error in 4 sub-adders ACA-II

The formal reasoning about the theorems, presented in
Table III, was very straightforward and was composed of
simple rewriting and arithmetic simplification steps. The proof
scripts were merely about 174 lines long. Table IV reports
on the effort involved in the verification of case studies in
terms of lines of the HOL4 proof script and the verification
time we took. These benefits have been attained based on
the foundational formalization of probability distributions and
events in LLAA and its error analysis algorithm reported
in Sections 3 and 4 of the paper, respectively. This foundational formalization took about 2000 lines of HOL4 code
and 600 man-hours and is available for download at [43].
The formalization of the error analysis algorithm was one of
the most challenging tasks of this development. A significant
amount of time was spent on the formalization of deducing
the probability of error when error occurs in two or more subadders, simultaneously. Similarly, the proof for the survival
function was very challenging as its proof was not available
in the literature. Moreover, the verification of the generic error
analysis theorem, i.e., Theorem 6, involved the principle of
inclusion exclusion and was not very straightforward. The
probability theory formalization in HOL4 [35] was found to
be very useful for our development as most of the widely used
probability theory laws and axioms were readily available.
To the best of our knowledge, such a scalable and formal
approach for the error evaluation of an approximate adder
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TABLE III
P ROBABILITY OF E RROR IN ETA-I, ACA-II
Adder
ACA-II

Error modeling
3-Sub-adders
R2 = R3 = k,
S2 = S3 = k,
S1 = 2k

4-Sub-adders
R2 = R3 = R4 ,
S2 = S3 = S4 ,
R2 = k,
S2 = k,
S1 = 2k

ETA-I

2-Sub-adders
R2 = r,
S2 = su,
S1 = su + r

GeAr

3-Sub-adders
R2 = R3 = r,
S2 = su,
S1 = su + r,
R<S

3-Sub-adders
R2 = R3 = r,
S2 = S3 = su,
S1 = su + r
R≥S

AND

G E A R A DDERS

Probability of Error
∀ p X Y k. p space p ∧
(∀ l t m.
indep p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
(Uniform pmf p m X l) ∧
(Uniform pmf p m Y t) ∧
mutual indep sum events p X Y ∧
inter lists pairs p X Y ∧ ( k > 0) ) ⇒
( prob p (ERROR p X Y 3 k k) =
( (1/ 2k )* ((2k -1)/(2k+1 )) +
(1/ 2k )* ((22∗k -1)/(22∗k+1 )) (1/ 22∗k )* ((2k -1)/(2k+1 )) ))
∀ p X Y su r. p space p ∧
(∀ l t m.
indep p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
(Uniform pmf p m X l) ∧
(Uniform pmf p m Y t) ∧
mutual indep sum events p X Y ∧
inter lists pairs p X Y ∧ ( k > 0) ) ⇒
( prob p (ERROR p X Y 4 k k) =
( (1/ 2k )* ((2k -1)/(2k+1 )) +
(1/ 2k )* ((22∗k -1)/(22∗k+1 )) +
(1/ 22∗k )* ((23∗k -1)/(23∗k+1 )) (1/ 22∗k )* ((2k -1)/(2k+1 )) (1/ 22∗k )* ((2k -1)/(2k+1 )) * ( ((2k -1)/(2k+1 )) +
(1/ 2k ) ) + (1/ 23∗k )* ((2k -1)/(2k+1 ))))
∀ p X Y su r. p space p ∧
(∀ l t m.
indep p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
(Uniform pmf p m X l) ∧
(Uniform pmf p m Y t) ∧
mutual indep sum events p X Y ∧
inter lists pairs p X Y ∧ (r > 0) ∧ (su > 0) ) ⇒
( prob p (ERROR p X Y 2 su r) =
( (1/ 2r )* ((2su -1)/(2su+1 )) ))
∀ p X Y su r. p space p ∧
(∀ l t m.
indep p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
(Uniform pmf p m X l) ∧
(Uniform pmf p m Y t) ∧
mutual indep sum events p X Y ∧
inter lists pairs p X Y ∧ (r < su) ∧ (0 < r) ) ⇒
( prob p (ERROR p X Y 3 su r) =
( (1/ 2r )* ((2s u-1)/(2su+1 )) +
(1/ 2r )* ((22∗su -1)/(22∗su+1 )) (1/ 22∗r )* ((2su -1)/(2su+1 )) *
( ((2su−r -1)/(2su−r+1 )) + (1/ 2su−r ) )))
∀ p X Y su r. p space p ∧
(∀ l t m.
indep p (PREIMAGE X {l}) (PREIMAGE Y {t}) ∧
(Uniform pmf p m X l) ∧
(Uniform pmf p m Y t) ∧
mutual indep sum events p X Y ∧
inter lists pairs p X Y ∧ (r ≥ su) ∧ (su > 0) ) ⇒
( prob p (ERROR p X Y 3 su r) =
( (1/2r )* ((2su -1)/(2su+1 )) +
(1/2r )* ((22∗su -1)/(22∗su+1 )) - (1/2su+r )* ((2su -1)/(2su+1 )) ))

TABLE IV
V ERIFICATION DETAILS FOR THE CASE STUDIES
Case Study
Sub-adders
Proof Lines
Time

ACA-II
3
23
12 min

ACA-II
4
24
13 min

ETA-I
2
19
10 min

GeAr R<S
3
37
16 min

GeAr R≥S
3
23
12 min

is not reported in the literature so far. Our work is mainly
inspired from the paper-and-pencil based error analysis of approximate adders, we mainly developed the formal reasoning
for verifying the theorems, reported in paper [20], in a theorem
prover to make the analysis scalable and human-error free.
VIII. C ONCLUSION
This paper presents a generic methodology, based on the
probability theory formalization in HOL4, for analyzing the

probability of error for approximate adders. The methodology
can be applied to verify generic expressions for the probability
of error in LLAAs and other approximate adders that comprise
of sub-adders with uniformly distributed inputs. Compared
to traditional error performance evaluation methods, i.e., exhaustive simulations and paper-and-pencil based analysis, the
proposed methodology allows verifying expressions with universally quantified variables for any number of bits and configurations. The methodology can be applied to calculate the
exact probability of occurrence of error, hence these configurations can be reliably compared without the need of exhaustive
or Monte-Carlo simulations. Thus, the proposed formalization
can serve as a useful tool for conducting comparative error
analysis of various configurations. For illustration, we formally
verified three commonly used approximate adders, i.e., ETA-I,
ACA-II and GeAr, with 3 sub-adders with an arbitrary number
of bits. The proposed method can be easily used to verify
expressions for large number of sub-adders as well but the
results were not presented in the paper as the error expressions
become large and difficult to comprehend.
In future, we plan to extend the developed formal reasoning
support for the verification of PMF of error and to the cases
with non-uniform input distributions. We can find the PMF
of error by considering all possibilities of error occurrences.
Then the error value for every case can be found by identifying
the corresponding sub-adders with erroneous outputs and the
weights of carry bits that are discarded due to the carry chain
truncation. Thereafter, the corresponding probabilities can be
computed using the theorems and definitions presented in this
paper. Similarly, we can consider the case with non-uniformly
distributed inputs by assigning the required distribution of
inputs, pX and pY , which will also depend on bit locations
where the error is generated.
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